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Abstract. We continue the investigation of CW homotopy type of spaces 
of continuous functions between two CW complexes begun by J. Milnor in 
1959 and P. Kahn in 1984. Viewing function spaces as particular cases of 
inverse limits we also study certain inverse systems of fibrations between CW 
homotopy type spaces. 

If the limit space Zoo of an inverse sequence {Z{\ of fibrations between 
CW type spaces has CW type then a subsequence of {QZi} splits into the 
product of a sequence of homotopy equivalences and one of nullhomotopic 
maps. 

If for some N > 0, all spaces Zi have ni c (Zi) = for k > N, then the 
question of CW type of Z^ depends solely on the induced functions Wk(Zj) — ► 
-KkiZi). This applies to Zj = Y Li where n^(Y) = for k > N and {Li} is 
an ascending sequence of finite complexes. Here Z x = Y ULi , the space of 
continuous functions (ULi) — > Y with the compact open topology. 

In general, if the path component of g £ Y x has CW type then Q,(Y X , g) — » 
Q(Y L , g\i,) is a homotopy equivalence for a countable subcomplex L of X. A 
suitable converse holds as well. 

Function spaces of CW type lack phantom phenomena in a strong sense. 
This provides interesting examples. One is a space of pointed maps that is 
weakly contractible but not contractible. Next, for X the localization of a 
finite complex at a set of primes P, the question of CW type of Y x is related, 
and sometimes equivalent, to that of eventual geometric H-space exponents of 
Y . 

If Y is a P-local and X a simply connected complex then localization 
X — > X(p) induces a genuine homotopy equivalence Y ( p ) — > Y x regardless 
of whether Y x has CW type or not. 

For Y = K{G,n) we give necessary and sufficient conditions for Y x to 
have CW type in terms of homology of X. If ffi n 7r n (Y) is finitely generated 
and X is 1-connected then we give necessary and 'almost' sufficient conditions. 

Some properties of CW complexes X are equivalent to Y x having CW 
homotopy type for a certain family of complexes Y . For example, X is finitely 
dominated if and only if 7ri (X) is finitely presented and Y x has CW type for 
all complexes Y. 
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Introduction 



For topological spaces X and Y wc denote by Y the space of continuous 
functions X — > Y with the compact open topology. 

One of the first results on CW homotopy type of function spaces is a result of 
Kuratowski [30] , saying that if Y is an absolute neighbourhood retract for the class 
of metric spaces and K is a compact metric space, then Y K is also an absolute 
neighbourhood retract for the class of metric spaces. (Later it was shown that 
Y has the homotopy type of a countable CW complex if and only if it has the 
homotopy type of an absolute neighbourhood retract for the class of metric spaces; 
sec Milnor [43] for details.) 

In his fundamental study of spaces having the homotopy type of a CW complex, 
Milnor [43] strengthened Kuratowski's result to show that Y x has CW homotopy 
type of a CW complex if Y has and X is a compact Hausdorff space. Some effort 
has already been made to extend Milnor's theorem. P.J.Kahn [29] proved that Y x 
has the homotopy type of a CW complex when Y has the homotopy type of a CW 
complex with TTk (Y) trivial for k ^ n + 1 and X has the homotopy type of a CW 
complex with finite n-skelcton. 

We are interested in both sufficient and necessary conditions on CW complexes 
X and Y for the function space Y x to have CW homotopy type. The restriction 
that X be a CW complex (or have homotopy type of one) is motivated by Kahn's 
result and is natural for homotopy theory. 

Previous work of the author [56] on this problem shows that the conditions 
of Kahn arc not necessary and gives other examples of function spaces of CW 
homotopy type. 

To develop sufficient conditions for the space Y x to have CW homotopy type, 
we view Y x as the limit of inverse system \ Y L \ L <G £} where £ is a suitable set of 
subcomplexes of X, and the bond for L ^ L' is the restriction fibration Y L — > Y L . 
Notably, choosing C to be the set K. of finite subcomplexes of X, the associated 
inverse system is one of spaces of CW homotopy type, by Milnor's theorem. 

This inverse system approach makes it natural to consider the problem in a 
slightly more general setting. Namely, if Z is the limit space of an inverse system 
{Z\ | A} of fibrations between CW homotopy type spaces, when has Z the homotopy 
type of a CW complex? 

Milnor has shown that CW homotopy type is intimately related to local con- 
tractibility notions. One of them is equilocal convexity. Milnor introduced it in 
[43] to show that if a space is paracompact and equilocally convex, then it has the 
homotopy type of a CW complex. He used this to prove his fundamental result 
concerning CW homotopy type of function spaces. 
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To investigate necessary conditions for a topological space to have the homo- 
topy type of a CW complex it is natural to consider a much weaker form of local 
contractibility, namely semilocal contractibility, since it is homotopy invariant. 

The lack of semilocal contractibility has been used a few times to demonstrate 
that spaces do not have the homotopy type of a CW complex; see for example 
Skljarenko [55] as well as Dydak and Geoghegan [12]. In presence of additional 
properties, semilocal contractibility can be a necessary and sufficient condition for 
a space to have CW homotopy type, see Allaud [1] and Schon [53]. 

In tune with the cited existing results on CW homotopy type of function spaces, 
we pursue the intuition that CW complex X must be 'small' with respect to CW 
complex Y for the space Y x to have CW type. This intuition is justified in various 
ways in this paper. 

Acknowledgement. This work was begun at the University of Ljubljana and 
completed at the Centre de Recerca Matematica of Barcelona while on a one-year 
leave. The author wishes to express sincere appreciation to both institutions for 
making this possible. 



Overview of results 

In Chapter 1 we treat CW homotopy type of certain inverse systems of fibra- 
tions. Let X be a CW complex. The set X of all subcomplexes of X is a complete 
lattice, and the subset K. of finite subcomplexes is a sublattice with the property 
that every L e X can be expressed as the supremum of a subset of JC. 

In §1.1 and §1.3 we study CW homotopy type of limits of inverse systems 
indexed over a complete lattice that admits an appropriate sublattice over which 
the system is one of CW homotopy type spaces. We give necessary conditions for 
CW type which serve as our main obstruction throughout the paper, and some 
sufficient conditions. The developed results are mostly results of technical nature 
to be applied to function spaces in subsequent sections. 

However, the results obtained for sequences in §1.2 are important independently 
of applications to function spaces. Consider an inverse sequence • • • — > W3 — > 
W2 — > W\ of fibrations between spaces of CW homotopy type. We show the 
following. If the limit space Wco also has CW homotopy type, then a subsequence 
of the sequence of loop spaces {SlVUi } splits into the product of a sequence of 
nullhomotopic fibrations and a sequence of homotopy equivalences. Conversely, if 
{Pi} is an inverse sequence of fibrations that arc nullhomotopic, and {Qi} is an 
inverse sequence of fibrations that are homotopy equivalences, then the limit space 
of the sequence {Pi x Qi} is homotopy equivalent to Qi (and has CW homotopy 
type if Qi has). 

Thus the limit space of an inverse sequence of fibrations between spaces of CW 
type has itself CW type if and - up to a looping - only if it is trivial in a certain 
sense; see Theorem 1.2.6 below. In particular, this settles a gap in Theorem B of 
Dydak and Geoghegan [12]. 

In §1.4 we introduce the notion of 'phantom path components' of the limit 
space Z of an inverse system of fibrations {Z\ | A} between spaces of CW type. In 
the particular case when Z = Y x is the limit of {Y L \ L finite ^ X} this notion 
coincides with path components of phantom maps X —* Y with respect to the class 
of finite subcomplexes of X. 
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We show that if Z has CW type then the systems of groups {iTk{Z\) | A} satisfy 
the Mittag-LefHer condition 'uniformly with respect to k' (see Theorem 1.4.4). In 
particular, Z has no 'phantom components'. 

In §1.5 we consider sequences of fibrations • • • — > I3 — > Y~ 2 — > Y\ of spaces of 
CW type with ^(Y^) = for k > N independently of i. We show that, roughly, 
(see Theorem 1.5.1) the limit space Y^ has CW homotopy type if and only if for 
each k > 1 the sequence {nk(Yi) \ i} satisfies the Mittag-LefHer condition and the 
canonical morphisms linij iTk(Yj) — ► iTk(Yi) are injective for all but finitely many i, 
and all k ^ 0. 

In Chapter 2 we specialize to spaces of continuous functions between CW com- 
plexes. 

In §2.1 we define a family F(X, Y) of subspaces of Y x that contains 'all function 
spaces arising in practice' and is suitable for application of machinery developed in 
§1.1. We give two simple-minded examples of function spaces not of CW type. 

In §2.2 we apply the machinery of §1.1 to spaces of functions between CW 
complexes X and Y. 

We show that Y x has CW homotopy type if and only if it admits a numerable 
covering of open sets contractible within Y x (see Theorem 2.2.1). Such a covering 
exists in every paracompact semilocally contractible space. For countable X, the 
space Y x is always paracompact, but it may lack semilocal contractibility. 

Next, if Y x has CW homotopy type, then for every map g: X — > Y and 
every countable subcomplex L of X there exists a bigger countable subcomplex L' 
(depending on g and L) such that the map 

n(Y x ,g)^n(Y L ',g\ L ,) 

is a homotopy equivalence (see Theorem 2.2.5). This is to say that if Y x has CW 
type, then X is essentially countable with respect to Y. 

Conversely, if for each countable subcomplex L of X there exists a bigger count- 
able subcomplex L' such that Y x — > Y L is a weak equivalence onto image which 
has CW type, then Y x itself has CW type. 

Both Theorem 2.2.1 and Theorem 2.2.5 are appropriately stated for arbitrary 
elements of F(X,Y). 

A particular case of Theorem 2.2.6 is the following. If for each countable sub- 
complex L of X there exists a larger countable subcomplex V such that (Y, *)( L 
is contractible, then (Y, *)( X '*' is contractible. 

In §2.3 we study restrictions on the set of path components of Y x of CW type, 
an issue which is delicate because this set does not in general admit a natural group 
structure. We show that (Proposition 2.3.4) if X has cells and all homotopy 
groups of Y have cardinality at most then Y x has at most N max r^ i7) i path 
components. 

If X is countable and Y has finite homotopy groups then (Proposition 2.3.6) 
Y x has actually finitely many path components. 

In §2.4 we note that results of §1.4 imply that if Y x has CW type then it 
does not contain nontrivial phantom maps. In fact there are no nontrivial phantom 
maps X — > Q k Y for any k, in a 'uniform way' with respect to k. 

We give an example of a function space with essential phantom maps (which 
consequently does not have CW type) and study its properties. Then we recall some 
examples from existing literature on phantom maps. In particular, it follows from a 
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famous theorem of Zabrodsky [65] that for simply connected CW complexes X and 
Y where X has finitely many nontrivial homotopy groups and Y is a finite complex 
the space Y x does not have CW type if (Y, is not weakly contractiblc. 

In §2.5 we apply results of §2.2 and §1.5 to show that, roughly, for Y a CW 
complex with finitely many nontrivial homotopy groups the question of whether 
Y x has CW type only depends on the induced morphisms TTk(Y M ) — > irk(Y L ) for 
L ^ M ^ X. (See Theorem 2.5.1.) In particular, vanishing of phantom phenomena 
together with an additional condition suffice for CW homotopy type in this case. 

For X a countable complex the statement becomes very simple. Let L\ ^ L 2 < 
... be a filtration of finite subcomplexes for X and assume that Y has only finitely 
many nontrivial homotopy groups. Then the path component C of g S Y x has CW 
homotopy type if and only if the sequences {TTk(Y Li , g\hi) | *}, for k ^ 1, satisfy 
the Mittag-Lefffer condition, and the arrows linx, nk(Y L ^,g\L j ) — ► irk(Y Li , fllij 
are injective for all but finitely many i, and all k ^ (for k = in the usual 
sense). In particular, if the homotopy groups of Y are countable, then (Y, 
is contractible if and only if it is weakly contractible. The latter is 'far from true' 
for Y with infinitely many nontrivial homotopy groups, see Example 8 on page 45. 

In §2.6 we present a few general sufficient conditions for a function space to 
have CW homotopy type; which we use in subsequent sections. In particular, in 
Proposition 2.6.1 we recover Theorem 1.1 of Kahn [29]. 

In Chapter 3 we investigate some effects of localization of both domain and 
target complexes. 

In §3.1 we prove an auxiliary result used later on; a strengthened 'Zabrodsky 
lemma'. The well known 'Zabrodsky lemma' (see Miller [40]) says that if E — > B is 
a fibration with fibre F and for some CW complex X the function space (X, *)( F '*) 
is weakly contractible, then X B — ► X E is a weak homotopy equivalence. Upon 
assuming that (X, *)( F '*) is contractible, we observe that then X B — ► X E is a 
genuine homotopy equivalence. 

In §3.2 we consider localizations of the target complex Y . We prove (see The- 
orem 3.2.1) that if Y is a P- local CW complex with respect to a set of primes P 
then the natural map (y, *)(*(*■)>*) -> (y, *)(*•*) is a homotopy equivalence for any 
simply connected CW complex X . 

In §3.3 we study the space of functions from Kt P \ where K is the suspension 
of a finite complex and P is a set of primes. Applying §1.4 we show that, given 
a CW complex Y of finite type over ^im where P n R is nonempty, the space 
(Y, *)( K (.r\p)>*) has CW type only if {Y {P) , *)( K <n*p)>*) is contractiblc and the H-space 
(SIY {P) , has an H-space exponent. We show that a partial converse holds in 

that (Y(p), *) (x ( p \-p)<*) is contractiblc if (V(p), has an H-space exponent. (See 

Theorem 3.3.8.) Applying this to spheres in place of K (see Proposition 3.3.1) we 
relate the problem to the Moore conjecture on homotopy (and H-space) exponents. 
We provide a restatement of the (geometric part of the) conjecture in the language 
of CW homotopy type of function spaces. 

Relying on results from H-space exponent theory we give non-trivial examples 
of both function spaces that have CW homotopy type, and of such that do not. 

Relying on Serre's theorem on torsion in homotopy groups of spheres we show 
that for any m,n ^ 2, the space Z = (S n , *)( s (°>'*) does not have CW homotopy 
type. In particular, if to > n then Z is a weakly contractible space which is not 
contractible (indeed this holds for all Q k Z, k > 0). 
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In Chapter 4 we investigate spaces of maps into Eilenbcrg-MacLane spaces. 

In §4.1 we note (see Theorem 4.1.1) that the homotopy type of K(G,n) x (for 
abelian G) depends only on homology groups of A, a result whose weak version 
was already established by Thorn [61]. 

According to §4.1 it suffices to study spaces of functions M(A,m) — ► K{G,n) 
where M(A,m) denotes a Moore space of type (A,m). In §4.2 we give sharpened 
versions of results of §2.2 for this particular case. 

Applying almost everything of the preceding sections, we give in §4.3 necessary 
and sufficient conditions on abelian groups A and G for K{G,n) M{A ' m ^ (see Theo- 
rem 4.3.1) respectively K{G,n) K ^ A ' m ^ (see Theorem 4.3.3) to have CW homotopy 
type. The conditions fit well into the intuition that l A must be small with respect 
to G" in order for the mentioned function spaces to have CW type. 

In §4.4 we complement §4.1 and §4.3 to give necessary and sufficient conditions 
for a function space K(G, l) x to have CW type, for arbitrary G. 

The results of P.J.Kahn [29] as well as those of the author [56] exhibit function 
spaces Y x of CW homotopy type where the restriction map Y x — > Y L , for a 
suitable finite subcomplex L of X, is a homotopy equivalence onto the union of 
some path components, reducing the problem to Milnor's theorem. With this in 
mind one might conjecture that - at least for some CW decomposition of X - this is 
the only possible way for a function space Y x to have CW type. This is not true, 
as we note in Example 10 on page 60 as a consequence of results of §4.3. 

However, Milnor's result is best possible in a global sense, as we discuss in 
§4.5 where we give necessary and sufficient conditions on X for Y x to have CW 
homotopy type for all CW complexes Y belonging to certain classes. For example 
(see Theorem 4.5.3), a connected CW complex X is finitely dominated if and only 
if ni(X) is finitely presented and Y x has CW type for all CW complexes Y. For 
another example, X has homological finite type if and only if Y x has CW type for 
all nilpotent CW complexes Y of finite type. 

In Chapter 5 we establish sufficient and 'almost necessary' conditions for Y x 
to have the homotopy type of a CW complex when X is a simply connected CW 
complex, and Y is simply connected of finite type with only finitely many nontrivial 
homotopy groups. (See Theorem 5.0.1.) Thereby we enhance Kahn's result in this 
case, and give a suitable partial converse. 

In Appendix A we provide an explicit determination of a homotopy equivalence 
arising from a fibration with fibre that contracts in the total space; a result that in- 
volves exhibiting particular lifting functions for certain fibrations, and is (directly) 
applied once in the paper. Furthermore we give the proof of a result (see Propo- 
sition A. 0.2) which also involves lifting functions and is essentially applied once in 
the paper. 

In Appendix B we introduce the notion of 'quasitopological' group. We use this 
essentially to circumvent difficulties arising from the fact that function spaces in 
general are not compactly generated. The results of this appendix are of technical 
character and are used on a single occasion to extend properties that hold for 
countable CW complexes to the general case. 

Conventions and basic tools 

Both domain and target spaces of our function spaces are assumed to be CW 
complexes (or have CW homotopy type). Let (X; A\, . . . , A n ) be a CW n-ad and 
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(Y; B\, B2, ■ ■ ■ , B n ) of the homotopy type of a CW n-ad. We may form the n- 
ad function space (Y; Bi, B2, ■ ■ ■ , B n )^ X ' Al ' - ' An ^ of maps /: X — > Y for which 
f{Ai) C -Bi for all i. This n-ad function space is a subspace of Y x and belongs to 
the class !F(X,Y) discussed above and defined in §2.1. Some results, in particular 
those of more topological nature in Chapter 2, are naturally stated for n-ad function 
spaces. See also Milnor [43], Theorem 3. 

However, in later chapters where we treat particular families of function spaces, 
and determine explicit homological conditions, we consider spaces of free maps Y x 
and spaces of pointed maps (Y, *)( x '*>, for X a CW complex and Y a Hausdorff 
space of CW type. In this case the space Y x has CW type if and only if the spaces 
(Y, yop X '*' have, for y ranging over different path components of Y, see Corol- 
lary 0.0.10 below. At the end of this section we note that for questions concerning 
Y x and (Y, yo)^ x ' x °^ it suffices to consider path-connected spaces and assume that 
x is a 0-cell of X and yo is a nondegenerate base point of Y. 

When topological spaces are involved we use continuous function, function, and 
map synonymously. 

We use throughout the compact open topology. While its compactly generated 
refinement (used for example by Kahn in [29]) is more appealing from a categorical 
point of view, it is not very useful when discussing properties concerning open sets, 
such as semilocal contractibility. Fortunately when X is a countable CW complex, 
and Y is any CW complex, the compact open topology on Y x and its refinement 
are homotopy equivalent, see Lemma 3.4 of [56]. In general only our 'positive' 
results can be applied to the compactly generated refinement; if Y x has CW type 
then so has &(Y X ) (see [56], Remark 2.5). 

We distinguish strictly between homotopy equivalent and weakly homotopy 
equivalent, shortly just equivalent and weakly equivalent, respectively. Indeed, in 
this paper we are concerned exactly with the difference between homotopy equiv- 
alences and weak homotopy equivalences, since every topological space is weakly 
equivalent to a CW complex. In the course of our investigation we prove some 
results which in their weak version are well known or obvious, but not so in the 
genuine homotopy equivalence setting. 

We use 'type' for homotopy type. 

The term fibration is used for a Hurewicz fibration, that is a not necessarily 
surjective map with the homotopy lifting property with respect to all spaces. 

We refer to Chapter 6 of Maunder's book [35] for a concise treatment of basic 
facts regarding the compact open topology that circumvents in a very nice way the 
problem of local compactness of the domain. (Specific CW decompositions of our 
infinite domain complexes will almost never be locally compact.) 

We use the following notation. By Y x we denote the space of continuous func- 
tions X — > Y. Function spaces are endowed with the compact open topology, and we 
use G(K, V) for the standard subbasic open set, G(K, V) = {/ G Y x | f(K) C V}, 
with K compact and V open. 

The symbol SX denotes the reduced suspension of the complex X (with the 
standard CW structure). 

We denote the n-skeleton of X by X^ n \ When there is no danger of confusion, 
we denote by Y the i-th stage of the Postnikov tower of Y. 



X 



INTRODUCTION 



The space of paths in a space Z starting with a (sometimes tacitly understood) 
fixed base point is denoted by PZ. The corresponding evaluation at endpoint is 
denoted by S\ : PZ — > Z. 

We adopt the convention that all spaces considered are Hausdorff. For a brief 
explanation, we want the domain space of a function space to be Hausdorff since 
every compact subspace is normal. On the other hand, compact open topology is 
Hausdorff if the target space is. Moreover, if two Hausdorff spaces are homotopy 
equivalent, then so also are their compactly generated refinements. Occasionally 
we add the Hausdorff assumption to the statement of a proposition, for emphasis. 

By Z p we will denote the group of integers mod p, by Z p =o the quasicyclic p- 
group (divisible p-torsion group of rank 1), and by Z p the group of p-adic integers. 
For a short exact sequence of groups — > B — > A — > Q — > we will say that A is 
an extension of B by Q (in accord with Fuchs [20] ) . 

For a set of primes P we will denote by A^ P ) the localization of A at P (for A 
an abelian group or a suitable CW complex). 

We record here a handful of basic results on (CW) homotopy type of function 
spaces, which will be extensively used in the paper. 

LEMMA 0.0.1. Let X be a Hausdorff space. 
(i) If Y is homeomorphic to W^Yx, then Y x is homeomorphic to Y[\ Y x 

and consequently (Y, is homeomorphic to YixO^x, *\)^ X '*^- 

(ii) If X is homeomorphic to V\X\ then (Y, *)( X '*) is homeomorphic to the 
product l\x( Y > *) (Xa '* a) - □ 
Proposition 0.0.2. Let 
<p: (A;A-i, . . . ,A n ) — ► {X;X 1 , . . . ,X n ) and^: (Y; Y u . . . , Y n ) - (B; B lt . . . , B n ) 

be maps of n-ads. Define ?/>) : Y x — ► B A by f t—> tjj o / o ip. Then $(</?, ip) is a 

map of n-ads 

(*) 

(Y x - (Y, Yl )^\ . . . , (Y, Y n )^) - (V; (B, Bl )^\ ...,(B, B n )^) . 

If there exist homotopies of n-ads ip ~ ip' and tp ~ ip' , then the maps <$>(tp,ip) and 
V') are homotopic as maps of n-ads (*). Moreover, the homotopy sends the 
subspace Y x to the subspace Bf, for all i. (The latter applies if we want to consider 
function spaces with constants as base points.) 

In particular, if ip admits a right (or double sided) homotopy inverse as a map 
of n-ads and admits a left (or double sided) homotopy inverse as a map of n-ads, 
then <$>(ip,ip) admits a left (respectively double sided) homotopy inverse as a map of 
n-ads, and induces a homotopy domination (respectively equivalence) 
(Y; Y, . . . , y n )(*;*i.-.*») _> (b ; /,*, Bn) (A;A 1 ,...,A B ) - 

Proof. See Maunder [35], Theorem 6.2.25, for n = 0. The generalization is 
evident. □ 

The following is Theorem 3 of Milnor [43] . In what follows we will simply call 
it 'Milnor's theorem.' 

Theorem 0.0.3 (Milnor's theorem). Let (A; Ai,A 2 , . . . , A n ) be a compact n-ad 
(A is a compactum and the Ai are closed in A) and let (Y; Y\, Y2, . . . , Y n ) have the 
homotopy type of a CW n-ad. Then (Y x ; (Y, Yl)( x < Xi ), . . . , (Y, Y„)( x < x ")) also has 
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the homotopy type of a CW n-ad. Consequently (Y; Y\, Y2, . . . , Y n )( A;Al ' A2 '---' An>> 
has the homotopy type of a CW complex. □ 

A topological space is called finitely dominated if it is dominated by a finite 
CW complex (see J. Whitehead [64]), that is there exist a finite CW complex K 
and continuous maps i : X — > K and p : K — > X such that p o i is homotopic to idx ■ 

COROLLARY 0.0.4. Let X be finitely dominated. Then Y x has CW homotopy 
type for every space Y of CW homotopy type. 

Proof. If X is dominated by finite complex K, then Y x is dominated by Y K 
by Proposition 0.0.2. The space Y K has CW homotopy type by Theorem 0.0.3. 
Then Y x is dominated by a CW complex and hence has CW homotopy type by 
Theorem 23 of Whitehead [64]. □ 

We note that using Proposition 0.0.2 and Theorem 0.0.3 to full extent, together 
with Theorem 2 of Milnor [43] concerning homotopy type of n-ads, the above 
corollary generalizes trivially to function spaces of n-ads. 

Lemma 0.0.5. If X is homotopy equivalent to V\X\ in the pointed sense, then 
(Y, is homotopy equivalent to Yl x (Y, *) ( - Xx '*^ . 

Consequently if (Y, has CW type, so has (Y,*) ( - Xx '* x \ for each A. If A 

is finite, then the converse also holds. 

Proof. The first statement follows from (ii) of Lemma 0.0.1 and Proposi- 
tion 0.0.2, the second statement follows from Proposition 3 of Milnor [43]. □ 

Lemma 0.0.6. Consider the following topological pushout diagram. 

A> i ► B 



(*) 



c 



D = BU A C 



Given a space Y , we get an induced diagram 



Y D — — ► Y 



(**) 



Y L 



Y' 



Then (**) is a pullback diagram if either 

• i is a closed embedding, and ip is a proper closed map, or 

• (B,A) is a CW pair, and C admits a CW structure such that ip: A 
is a cellular map. 

If a,o G A, bo G B, Co G C , do G D are base points coherent with respect to (*), and 
yo is a base point in Y , then (**) is a pullback also ifY A ,Y B ,Y c ,Y D are replaced 
by, respectively, (Y, yo)^ A ' aa \ (Y, y ) ( - B,b °\ (Y, yo)^ c ' c °\ (Y, y ) (D ' da) ■ 



C 



a 



Taking the diagram * <— L X for a CW pair (X, L) we obtain the following 
corollary (which is not true for general pairs (X, L)). 
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Corollary 0.0.7. Let (X,L) be a CW pair and (Y,yo) a pointed space. Then 
the space (Y,y a Y x - L ^ is homeomorphic with (Y,y )( x / L >*\ □ 

Corollary 0.0.8. Let ip: A — > L be a cellular map of CW complexes (with 
respect to some decomposition of L) and let C v = CA U v L denote the (either 
reduced or unreduced) mapping cone of ip. Choose ao G A and set xq — <p(ao). 
Then the following is a pullback diagram. 

(F,yo) (C *' Xo) (Y,y ) (CL4 < ao) 

(t) 

(Y,y ) (L ' Xo) (Y iyQ ) {A > ao) 

The vertical arrows are fibrations and {Y,yoY CA ' a °^ is contractible. This exhibits 

(y )lto )(c*,*o) ^ (Y, yo )( L >*°) 

as a principal fibration with all fibres either empty or homotopy equivalent to the 
space 0((F,y ) (A ' ao) ,constj /0 ) « (Y,y Q Y SA '*K 

In addition, if (X,L) is a CW pair such that (p induces a homotopy equivalence 
C v — > X then 

(J) (Y,yo) {C «' Xo) - (F,y ) ( *' xo) 

(respectively Y Cv — > Y x ) is a fibre homotopy equivalence over (Y, yo)^ L ' x °^ (respec- 
tively Y L ). 

PROOF. The space (Y, y ) { ~ CA ^ a o) is contractible by Proposition 0.0.2, hence (f) 
is the diagram of a principal fibration. (It is equivalent to the standard one when we 
are pulling back the path fibration P(Y, yoY A ' a °^ — > (Y, yaY A ' a °^ by the coglueing 
theorem of Brown and Heath [3].) 

By Proposition 0.0.2 the map (f) is a homotopy equivalence hence it is a fibre 
homotopy equivalence by [3], Corollary 3.7. □ 

The following is a result of Stasheff [59] (see also Schon [53]). We will simply 
call it 'Stasheff's theorem' in what follows. 

Theorem 0.0.9 (Stasheff's theorem). Let p: E — > B be a fibration where B 
has the homotopy type of a CW complex. 

If E has the homotopy type of a CW complex then so have all fibres of p. 

Conversely if for every path component C of B and some bo 6 C the fibre 
p _1 (6o) has CW type, then the total space E has CW homotopy type. □ 

The quoted theorems of Milnor and of Stasheff, as well as the above cited 
coglueing theorem of Brown and Heath (see [3]), and Theorem 3.4.1 of Edwards 
and Hastings [14] together with its simplified proof by Geoghegan [22] form the 
basis for our work. 

Reduction to connected spaces with nondegenerate base points. At 

the end of this section we show that to address the question of CW homotopy type 
of the function space Y x or that of (Y, yoY X ' Xo ' > it suffices to consider connected 
CW complexes X with a single 0-ccll xq, and path-connected Hausdorff spaces Y 
with nondegenerate base point yo- Moreover it suffices to consider spaces of pointed 
functions (Y,y a ) (X ' x °K 
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We begin with the following easy application of Stasheff 's theorem. 

Corollary 0.0.10. Let X be a Hausdorff space with nondegenerate base point 
x and let Y be a space of CW homotopy type. For each path component D\ of Y 
choose a point y\ G D\. Then Y x has CW homotopy type if and only if all spaces 
(Y,y\)( x - X °' > have CW homotopy type. 

Fix y e Y. The path component of const yo in Y x has CW type if and only if 
the path component of const yo in (Y,y )( x -' x °) has CW type. (If ni(Y,y ) is trivial 
then this holds for any map g: (X, x ) — ► (Y, yo) in place of const yo .) 

PROOF. Since x is nondegenerate, the evaluation map 

Y X ^Y, /-/(*„), 

is a fibration. (See also Lemma 2.1.1 and the remark after it.) 

Let D be the path component of yo £ Y. Pick a pointed map g: (X, xo) — > 
(Y, y ) and let C be the path component of g in Y x . Then C n (Y, yoY X '' x °^ is a set 
of path components of (Y, yo)^ x ' x °^- In case C is the constant component, C C D x 
and Cn (Y,y ) ( - X - Xo) = Cn (D, y ) ( - x ' Xo) is path-connected. (And if m(Y,y ) is 
trivial this holds for any g.) The restricted map C — > Y is still a fibration. 

Now apply Stasheff 's theorem. □ 



COROLLARY 0.0.11. If Z has CW type and z is any point in Z then Q(Z,zq) 
has CW type. 

PROOF. The space Z sl has CW type by Milnor's theorem, hence so has the 
space Q(Z,z ) = {Z,z ) {S ^*\ by Corollary 0.0.10. □ 



Let X be a CW complex and Y a space of CW type. Write X = U\ e AX\ where 
{X\ | A} is the set of path components of X. Pick x G X\ C X. Then Y x is 
homeomorphic to Y[\ Y Xx , and (Y, yo)^ x ' Xo ^ is homeomorphic to (Y,yo)( Xx o' x °) x 
EIa/Ao Y Xx . In light of Example 1 on page 4 it suffices to consider X path- 
connected. 

Let X be a path-connected CW complex and let x e X. Then any given CW 
decomposition may be refined in such a way that xo becomes a 0-cell. In particular, 
Xo is a nondegenerate base point. 

Let Y be a space of CW type and let y € Y. Since X is path-connected, 
evidently (Y, yoY X ' Xo ^ = {D, yaY X ' Xo ^ where D is the path component of yo, and by 
Corollary 0.0.10 the space Y x has CW type if and only if (Y, yoY X ' x °^ has for y 
ranging over all different path components of Y. In this way it suffices to consider 
Y path-connected. 

Let X be a path-connected CW complex with a 0-cell xq and let T be a maximal 
tree with vertex x in X. Then (X,x ) — > (X/T, *) is a homotopy equivalence of 
pairs and in light of Proposition 0.0.2 it suffices to consider CW complexes X with 
a single 0-cell. 

Now we take care of the base point in Y. Let yo be an arbitrary base point of a 
path-connected space Y of CW type. If yo is degenerate, attach a whisker at yo to 
obtain Y 1 with nondegenerate base point y' . (That is Y 1 is the mapping cylinder of 
{?/o} —* Y.) The retraction Y' — > Y is a homotopy equivalence (sending y' to y ), 



xiv INTRODUCTION 

hence so is the induced function Y' X — > Y x , by Proposition 0.0.2. The diagram 

y/^f j. Y X 



y f retraction ^ 

where the vertical arrows are evaluations at xo, is a map of fibrations. Since the 
horizontal arrows are homotopy equivalences, so is the induced map 

(t) [Y 1 ,y' ) (x > xa) -CT,2/o) (X ' Xo) 

on the fibres, by Brown and Heath [3], Corollary 1.5. Hence we may assume that 
Y has a nondegenerate base point. 
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CW homotopy type of certain inverse limits 

A topological space Z is semilocally contractible (see for example Dydak and 
Geoghegan [12] or Fritsch and Piccinini [19]) if every point z G Z has a neigh- 
bourhood that deforms in Z to a point. The deformation is not required to be 
z-preserving, but we may clearly assume that the final point is z. 

Scmilocal contractibility is also referred to as weak local contractibility, see for 
example [16], [11]. 

Definition. A space Z is a Dold space if it admits a numerable covering of 
open sets deformable in Z to a point. 

Such spaces are called locally contractible in the large in Allaud [1] . 
Obviously a Dold space is semilocally contractible. 

A space dominated by a semilocally contractible (respectively Dold) space is 
itself semilocally contractible (respectively Dold); see Fadcll [16] and Dold [8]. In 
particular, the two properties are homotopy invariant, and we note (see [8]) 

Lemma 1.0.1. Spaces of CW homotopy type are Dold spaces. □ 

Path components of a semilocally contractible space are open, and therefore a 
space is semilocally contractible (respectively Dold) if and only if its path compo- 
nents are open and semilocally contractible (respectively Dold). Similarly a space 
has the homotopy type of a CW complex if and only if its path components are 
open and each has the type of a CW complex. 

It is easy to see (see [8]) 

Lemma 1.0.2. A paracompact and semilocally contractible space is a Dold space. 

□ 

1.1. General necessary conditions for CW type of certain inverse limits 

Let (X, V, A) be a complete lattice. We use also sup in place of V, and inf 
in place of A. 

Definition. We say that an element n G X is compact (see for example Davey, 
Priestley [68]) if for an arbitrary subset Ac A 1 the relation k ^ sup A implies that 
already n < supF for some finite subset F of A. Let K, = JC(X) denote the set of 
compact elements of X. 

A subset X of X is an ideal if for each k,k'gT and £ G X also cV k' and n A £ 
belong to 1. (In particular, 1 is a sublattice.) 

A subset Q is generating in or generates X if for each £ G X there exists a 
subset S of Q with £ = supS. 

If the set of compact elements generates the complete lattice X we call X an 
algebraic lattice. 
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Finally, we call X a regular lattice if it is a distributive algebraic lattice whose 
set of compact elements is an ideal. (Note that the set of compact elements is 
always closed for finite supremums.) 

Let X be a regular lattice and let £ G X. We define the cardinality of £ with 
respect to the set K, of compact elements 1 as 

cardie £ = min {card K \ K C JC such that £ = sup K} . 

As every set of cardinal numbers is well-ordered, the above definition makes sense. 
For £ G X the cardinality card/c £ is finite if and only if it is equal to 1 which is if 
and only if £ belongs to /C. 

Remark. Every distributive algebraic lattice X satisfies the strong (more pre- 
cisely the 'join-infinite') distributive law 

(★) /U A sup {Xi | i} = sup {n A Aj | i} 

for all elements fi G X and subsets {A^ | i} C X. (See Davey, Priestley [68], Exercise 
4.22.) 

Let us mention an alternative sufficient condition for regularity Let X be 
a complete lattice which satisfies the join-infinite distributive law (*). Further 
let J be a generating ideal in X. Assume that for any clement cf) G T the set 
{£ G X | £ < <j>} is finite. Then A" is a regular lattice with JC(X) = T . An example 
is the lattice of all subcomplexes of a given CW complex. 

Let Z be an inverse system of topological spaces indexed by X, that is a co- 
functor X — ► Top. As customary we write Z\ for Z(A) and employ an additional 
symbol for the arrow, or bonding morphism, Z(/i) — > Z(A) whenever A < /i. 

Let £ be a directed subset of A" and let /x = sup£. The morphisms — > 2a, 
for A G £, induce a map 

(**) Z u — > lim 

Definition. The inverse system Z is restricted if the map (**) is a homeo- 
morphism, for each directed subset C of X. 

Remark. The only type of lattice that we are going to consider (apart from 
the lattice of natural numbers together with oo) is the lattice X of all subcomplexes 
of a given CW complex X. Given a topological space Y wc may form the induced 
inverse system of function spaces \Y L L G X} together with restriction fibrations 
as bonding maps. This system is certainly restricted in the sense defined above, 
and systems of this type will be considered below. 

Therefore we restrict our attention to (restricted) inverse systems indexed by 
complete lattices. Some results of general nature below, for instance Proposi- 
tion 1.1.1, could be formulated in a more general setting. However, we insist that 
all morphisms in the system be fibrations. This is a strong requirement which is 
difficult to check in 'practice.' In a complete lattice we can choose a maximal to- 
tally ordered subset which is well-ordered because of completeness. For a restricted 
inverse system indexed by a well-ordered set all bonding maps are fibrations if and 
only if all consecutive bonding maps are fibrations. (See Corollary 1.3.2.) 

With 'target lattice' being subcomplexes of a CW complex, it may appear ar- 
tificial to work with abstract complete lattices. We have two justifications. Wc 
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exhibit some interesting results for inverse sequences which do not involve function 
spaces. On the other hand, for function spaces with domain an uncountable com- 
plex our results follow from easy transfinite induction arguments that rely mainly 
upon properties of the lattice of subcomplexes of domain and not particularly on 
the function space structure. Stripped of the 'unnecessary extra' structure, proofs 
involving transfinite arguments appear more natural. Thus we have taken an inter- 
mediate approach. 

Proposition 1.1.1. Let Z be a restricted system of fibrations indexed by a 
regular lattice X with set of compact elements IC. Set a — sup X = max X . Assume 
that for each k G IC the space Z K has the homotopy type of a CW complex. Assume 
also that a £ IC, for nontriviality. 

Denote the limit space Z a = lmi\£x Z\ = lim Ke ^ Z K simply by Z . Let C be an 
arbitrary path component of Z, and let C K denote the image of C under Z — > Z K . 
(i) C is semilocally contractible if and only if for each ( £ C there exists 

k G IC such that the fibre of C C K over £| K contracts in C. 
(ii) C is semilocally contractible and open if and only if for each £ G C there 
exists k G IC such that the fibre of Z — > Z K over £| K contracts in Z. 

(iii) If C is semilocally contractible then the loop space Q.{Z,Q) has CW homo- 
topy type for each Q G C. 

(iv) Z has the homotopy type of a CW complex if and only if it is a Dold space. 

Proof. Assume that C is semilocally contractible and let ( G C. There exists 
a neighbourhood, with no loss of generality basic, of ( G C that contracts in C. 
Suppose this neighbourhood has the form 

(t) (u Kl ,...,u Kr )nC 

where K\,...,K r G IC. Since K, is a sublattice, k — sup {k±, . . . , K r } belongs to IC. 
Thus the neighbourhood (f ) contains the neighbourhood (U K ) fl C where 

r 
i=l 

The latter contains the fibre F K of C — > C K over £ K = £| K . Thus F K contracts in 
the total space C and therefore the loop space 0(C k ,Ck) has the same homotopy 
type as the product F K x fl(C, £). (See Spanicr [58], Corollary 2.8.15, as well as 
Proposition A. 0.6.) In particular, £) = Q,(C, Q is dominated by f2(C K ,C K ) 
which has CW homotopy type by assumption and Milnor's theorem. This shows 
(iii) and the necessity part of (i). To prove necessity of (ii), note that if C is open 
in Z 1 then (f) may be assumed equal to (U Kl , . . . , U Kr ) (~l Z. 

For the sufficiency part of (i), let £ G C and assume that the fibre F K over Q\ K 
of C — > C K contracts in C. Since C K has CW type, there exists a neighbourhood 
U K of £| K that contracts in C K to £| K . Let U be the preimage of U K in C. By 
homotopy lifting property the deformation of U K lifts to a homotopy that deforms 
U into the fibre F K . Since the latter deforms to a point, we may concatenate to 
obtain a deformation of U into a point. This concludes (i). 

Note that C K is open in Z K , hence U K is open in Z K , and the preimage U of U K 
in Z is an open neighbourhood of £. If the fibre of Z — > Z K contracts in Z, then so 
does U, by the above. The image of the contracting homotopy is a path-connected 
subset of Z, hence U is contained in C. This shows that C is open, and proves the 
sufficiency part of (ii). 
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If Z is scmilocally contractible it follows by (iii) that for each ( £ Z, the loop 
space Cl(Z, () has CW homotopy type. If, in addition, Z is a Dold space, it has 
CW homotopy type by the 'delooping' theorem of Allaud [1]. □ 

Example 1. Let I be an infinite set and let {Wi \ i £ 1} be a family of nonempty 
spaces of CW type. Let K denote the set of all finite subsets of I, and X the set 
of all subsets of I . For X £ X let Z\ denote the cartesian product of Wi for i £ X, 
and for X C fi let Z^ — > Z\ denote the projection. The limit space of the system 
{Z\ | A £ X} is the cartesian product Z = Wj. 

Proposition 1.1.1 implies that Z is scmilocally contractible if and only if there 
exists K £ K, such that Z' = Yii^ K W» contracts in Z . By virtue of the projection 
Z — > Z' this implies that Z' is contractible and hence so are the spaces Wi for 
i$lK. In this case Z is homotopy equivalent to the finite product f\ ieK Wi and has 
CW homotopy type. □ 

Proposition 1.1.2. Given hypotheses of Proposition 1.1.1, assume that C has 
the homotopy type of a CW complex. Then, given any k £ K there exist A, A' £ K 
with k ^ A < A' so that the following is true. 

(i) For every fi £ X such that /i A the fibre F^ of C — > C'^ over 
contracts in C and the fibration 0(C, £) — > f^C^,^) is a domination 
map. Moreover, there exists a commutative diagram 

► ^{ZxXx) 



Ffi x n(z,o — =^ — > Fx x n(z,() 

where the vertical arrows are homotopy equivalences of the form 

f x x n(z,() -» n(z x ,Cx), (z,-r)"P\, a #(7)*0\(z) 

where 6\: F\ — » Q,(Z\,(\) is a map, and * denotes concatenation. 
(ii) For every ji £ X with fx ^ A' the inclusion F M — ► F\ (and hence also 
F^ — ► F K ) is homotopic to a constant map. Consequently the inclusion 
F^ x Ct(Z, C) F\ x Ct(Z, C) is homotopic to the projection onto {£} x 
Q(Z, Q, and the fibration Q(Z^, — > (A) factors as 

c„) ^ n(z, c) " (PA '"' C) > n(z A) Ca) 

where j is a right homotopy inverse of the fibration Q(Z, Q — > Ct^Z^, C^). 

Proof. If \i > A then F p C F\, so by (i) of Proposition 1.1.1 and directedness 
of K, there exists A ^ k so that -Fa contracts in C and consequently so does F M for 
any /i A. 

View fi(Z, and fi(Zx,O0 as subspaces of C 1 and C{, respectively. Let 
k: F\ — > C 7 denote the adjoint of a contracting homotopy. By Proposition A. 0.6 a 
homotopy equivalence Fa x £) — > Ca) is given by 

(t) (2,7) ^PKa ° [l*k^ 1 {z)] = [px. a 07] * [p A: a ofc _1 (z)]. 

For fixed z, the map (J) amounts to the induced fibration Cl(Z, Q — ► ^(ZajCa) 
followed by a multiplication homotopy equivalence; which concludes the proof of 
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Since both C and C\ have CW type, so has F\ by Stashcff's theorem. Hence 
also F\ is semilocally contractible and there exists a basic neighbourhood of £ in F\ 
that contracts in F\. Using directedness of K as in the proof of Proposition 1.1.1 we 
may assume that the neighbourhood has the form {Uy)C\F\ for some A' e JC, A' ^ A, 
and open IV C Zy . But this neighbourhood contains the set {z \ zy — Qy } n F\ 
which equals Fy . The commutativity of the diagram of (i) follows from (J) upon 
having chosen for the 'contraction' F^ — > . □ 

1.2. Results on sequences 

In this section we study inverse sequences of fibrations between spaces of CW 
type, and show that the inverse limit space has CW type only if the sequence of 
loop spaces splits into the product of a sequence of nullhomotopic maps and one 
of homotopy equivalences. Moreover, a converse holds as well (see Theorem 1.2.6 
below). Thus the limit space has CW type if and only if the sequence is trivial 
in some sense, in the spirit of Theorem B of Dydak and Geoghegan [12] (see also 
[13]). 

We first recall a well known result due to Edwards and Hastings (see Geoghegan 
[22] for details). 

Proposition 1.2.1. Assume given a commutative diagram of topological spaces 
and continuous functions 

■ ■ ■ ► W 3 — ^ W 2 — ^ W x 



h 

■ ■ ■ ► Zz ► Z2 ► Z\ 

where the maps pi as well as n are fibrations and the maps fi are homotopy equiv- 
alences. Then the induced inverse limit map f^ : — ► Z^ is also a homotopy 
equivalence. □ 

Corollary 1.2.2. Suppose ■ ■ ■ — ► Z$ — > Z% — ► Z\ is an inverse sequence of 
fibrations which are homotopy equivalences. Then any canonical projection from 
the inverse limit Z x — > Zi is a homotopy equivalence. □ 

Apply homotopy lifting property to inductively construct commutative squares 
in order to infer 

Corollary 1.2.3. In order to conclude that Wqo and Z^ are homotopy equiva- 
lent it is enough to assume commutativity only up to homotopy in Proposition 1.2.1. 

□ 

The following proposition generalizes Lemma 2.8 of Kahn [29], and is crucial 
for understanding the problem of CW homotopy type of inverse limits. 

Proposition 1.2.4. Let ■ ■ ■ — » Z z Z 2 Z x be an inverse sequence of 
fibrations and let Z^ denote the inverse limit space. If each fibration n+i : Z i+ i — > 
Zi is homotopic to a constant map, then the limit space Z^ is contractible. 

Proof. Define W\ = Z\ and let f\ : W\ — > Z\ be the identity. Assume having 
constructed a suitable homotopy equivalence ft: Wi —> Zi. Let r^+i : Zi + \ — > Zi be 
homotopic to the constant Q g Zi. Let Wt be a point in Wi that is mapped by fi 
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into the path component of Q . Let PWi denote the space of paths in Wi that start 
in Wi and set Wi+i = Zi+i x PWi. Let pi + i : Wi+i — > W, be the composite Zj+i x 
PWi ^ PWi where pr is the obvious projection and s denotes the evaluation 

at end point. Let fi + \ : W, + i — > Zj+i be the projection Z i+ ixPWi — > Clearly 
/i+i is a homotopy equivalence. The composite r»+i o is homotopic to const f 4 
while the composite fi°Pi+\ is homotopic to consty . i w . j . The two constant maps are 
homotopic by choice of toj. We proceed inductively, and appeal to Corollary 1.2.3 
to conclude that Zoo is homotopy equivalent to Woo = lim Wi. But the latter is 
homeomorphic to the limit space of the sequence • • • — > PW t+ i — > PWi —►■■■—» 
PWi where the map PWi+i — > PWi is a fibration. By Corollary 1.2.2 the limit 
space is contractible. □ 

Definition. Let Z be an inverse system indexed by X and let £ = {£a | A e A"} 
be a coherent choice of base points, that is £ G limZ. We denote by f2(Z,£) the 
inverse system of spaces fl(Z\, £\) with the induced bonds 

n(z„,c„) " (z ^ z> ' %,Ca). 

Let P and Q be inverse systems indexed by the same set X. We define the 
product system P x Q as the inverse system of products with product bonding 
maps. 

Lemma 1.2.5. Let Z,P,Q be restricted inverse systems of fibrations indexed 
by complete lattice X, and let £ G limZ. Then fi(Z, £) and P x Q are restricted 
inverse systems of fibrations. □ 

Definition. We say that the inverse sequence W splits as a product of inverse 
sequences P and Q if there exists a level preserving morphism (up to homotopy) 
of sequences f:PxQ->W which is a homotopy equivalence on each level. 

(Care should be taken to define splitting up to homotopy of a general inverse 
system. We will not need this.) 

Theorem 1.2.6. (i) Let (W, w) be an inverse sequence of fibrations that 

splits into the product of (P, p) and (Q, q) where P is a sequence of null- 
homotopic maps and Q is a sequence of homotopy equivalences. Then the 
limit space Woo is homotopy equivalent to Q\. 

In particular, if the space Q\ has CW type, so has Woo ■ 
(ii) Let (Z,r) be an inverse sequence of fibrations between spaces of CW ho- 
motopy type. If the limit space Zoo also has CW type then, for any 
C <= Zoo, a subsequence of the induced inverse sequence f2(Z,£) splits into 
the product of a sequence of nullhomotopic maps and the identity sequence 

{• • • = Q(Zoo, Coo) = Q(Zoo, Coo)}- 

Proof. We change (P, p) and (Q, q) inductively to obtain sequences of fibra- 
tions (P', p') and (Q', q') together with (strict) level preserving morphisms P — > P' 
and Q — > Q' consisting of homotopy equivalences. Thus there exists a level preserv- 
ing morphism (up to homotopy) P' x Q' — > W consisting of homotopy equivalences. 
The limit space of P' x Q' is P^ x Q'^ where P^ = lim P' is contractible by Proposi- 
tion 1.2.4, and Q'^ = limQ' is homotopy equivalent to Q[ = Qi by Corollary 1.2.2. 
By Corollary 1.2.3 the space Woo = hmW is homotopy equivalent to P^ x Q'^ 
which in turn is homotopy equivalent to Q'oo- This proves (i). 

Statement (ii) follows immediately from Proposition 1.1.2. □ 
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Corollary 1.2.7. Given the assumptions of (u.) of Theorem 1.2.6, if Z^ has 
CW type and Q{Z 00,(^00) is contractible, then a subsequence offl(Z,() is a sequence 
of nullhomotopic maps. □ 

Note that while Proposition 1.2.4 yields a number of counterexamples to Theo- 
rem B of Dydak and Geoghegan [12], Theorem 1.2.6 says these represent essentially 
the only kind of counterexample. In a sense therefore the cited theorem is 'not far' 
from being correct. 



1.3. Some sufficient and some necessary conditions 

The purpose of this section is proving Theorem 1.3.9 and Theorem 1.3.12, to be 
applied in later sections. We begin with some results on inverse systems indexed by 
well-ordered sets; then we show that given a regular lattice, suitable well-ordered 
subsets can be chosen, for better grip on the inverse limit space. 

Definition. For any ordinal number a we will denote by W^a) the ordinal 
number segment consisting of the set of ordinal numbers A such that A < a. Recall 
that every well-ordered set W can be indexed uniquely in an order preserving 
manner by an ordinal number segment W{a) for a = or&W . 

For convenience denote W — W(a) U {a} = W(a + 1) = {A | A < a}. 

Let a be a limit ordinal and let (Z, p) be an inverse system of fibrations indexed 
by W(a). Note that W(a) is a complete lattice. We let Z a denote the limit of Z, 
and may view Z as an inverse system indexed by a complete lattice. Our notion of 
restrictedness of the system (Z, p) now coincides with terminology used by J. Cohen 
[6]. 

For emphasis, the system (Z, p) is restricted if for each limit ordinal n € W(a) 
the canonical map 

■ Z^ > Z^ = lim Z| w(ju) 

is a homeomorphism. (In fact for our applications it would suffice for -d^ to be a 
fibration and a homotopy equivalence.) 

The projections j?a,a+i are called consecutive bonding maps (or bonds). 

Remark. If (Z, p) is indexed by W^a) where a has a predecessor a — 1 then 
Z a —i, together with p\. a -i, is the limit of the system. □ 

PROPOSITION 1.3.1. Let a be a limit ordinal and (Z,p) a restricted inverse 
system of fibrations, indexed by W(a). Set Z a = limZ. The canonical projection 
Po.a ■ Z a — > Z is a fibration. 

Proof. Let Y be a topological space. Suppose we are given continuous func- 
tions h: Y x / — > Zq and /: Y — > Z a such that po. a o / = h\yxO- 

Let T be the set of pairs (A, h\) where A < a and h\ : Z x I — > Z\ makes the 
following diagram commutative. 

Y x — f —> Z a ► Z x 
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Using transfinite construction we will define $: IU(a) — ► T such that ^(A) = 
(A, h\), and pa,A' ° h\> = h\ for A < A'. 

Assume $ defined for A < \i. If /x has a predecessor, then we may lift 
along Pn-i,n to a homotopy h^. (To fulfill set theoretical requirements we may use 
a previously chosen well ordering on the set Z^ xl and take a minimal h^.) 

If n is limiting, the coherent system {h\ \ A < /x} defines a unique limit map 
/iju : fx/-* limA< A , Z\- Restrictedness guarantees that \im\ <fi Z\ — Z^, so in fact 
this yields the successor h M : Y x / — > 

Thus there exists a function $ as required, and the coherent system {h\ | A < a} 
yields the asserted lifting h a : Y x / — > Z Q of ft. □ 

Using Proposition 1.3.1 and transfinite induction it is straightforward to prove 

Corollary 1.3.2. Let (Z, p) fee a restricted inverse system indexed by W(a) 
where the consecutive bonds are fibrations. Then all bonds are fibrations. □ 

The following theorem is the transfinite analogue of Proposition 1.2.1. The 
proof depends upon restrictedness and the induction step employed by Geoghegan 
in [22]. 

Theorem 1.3.3. Let a be a limit ordinal and let (W, p) and (Z, q) be restricted 
inverse systems of fibrations indexed by W(a). If f : W — > Z is a level-preserving 
system consisting of homotopy equivalences, then the limit map f a : W a — > Z a is 
also a homotopy equivalence. 

Proof. Let T be the set of triples (A, g\, h\) where A < a, the map g\ : Z\ — > 
W\ is a homotopy inverse of f\, and h\ is a homotopy between g\ o f\ and \&w x ■ 

We use transfinite construction to define $ : W(a) — > T, where $(A) = (A, <?a, /ia), 
such that for A < A' the following coherence conditions hold. 

Px.y ° ffA' = 5A' o 9A,A' and p x ,y o hy =h x o (p x ,\> x id/). 

Assume $ defined for A < /x. If /i is limiting, then the coherent systems {(?a | A < /x} 
and {/ia | A < /i} trivially define g M and ft M , relying upon restrictedness. Universality 
guarantees the required properties. 

If /x has a predecessor /x — 1, the maps <7^_i and ft^_i are already given. Now 
we obtain g^ and h^ using the inductive step from Geoghegan [22]. More precisely, 
consider the diagram 

W„ ^— W„ 

/ 

/ 

/ 

/ 

/ 

/ 

/ 

M(U) ► 

where M(/ J(J ) is the mapping cylinder of / M , and the arrow M(f fl ) — > W^-i is 
induced by the composite ft M -i o {p^-i^ x id) on W p x J and by the composite 

9n-i ° °n z n- 

The lifting M(/ M ) — > W 7 ^ (minimal one in a previously established well ordering 

on Wff^"^) induces a homotopy : x I — ► W M as well as a map : Z^ —> 
with the requisite properties. 
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Thus there exists a function $ as required. Coherent systems {(7a}, {h\} for 
A < a yield a limit map g a : Z a — > W a and a limit map h a : W a x I — > Wa . The 
latter is a homotopy between g a o f a and idw a , by universality. 

Repeating the above for g: Z — > W we get a homotopy inverse f' a of g a . 
Therefore g a has both a left and a right homotopy inverse, hence is a homotopy 
equivalence. □ 

Using Theorem 1.3.3, restrictedness, and transfmite induction it is easy to prove 

Corollary 1.3.4. Let f : W — > Z be a level-preserving morphism of restricted 
inverse systems offibrations as above. Let fo : Wq — > Zq be a homotopy equivalence. 
If upon assuming that fx is a homotopy equivalence it follows that also f\+i is a 
homotopy equivalence for each A < a, then the limit map f a : W a — > Z a is a 
homotopy equivalence. □ 

Immediately we infer 

Corollary 1.3.5. Let (W, p) be a restricted inverse system of fibrations in- 
dexed by W(a) for some limit ordinal a. If each consecutive bonding map Pa,A+i is 
a homotopy equivalence then the limit projection W a — > Wo is a homotopy equiva- 
lence. □ 

For an abclian group G, a well-ordered ascending chain of subgroups 

N sS JVi < . . . < N x < . . . (A < a) 

is called a smooth chain if for each limit ordinal \i the subgroup equals the union 
('supremum') of all N\ with A < \i. (See for example Fuchs [21] or Loth [33].) 

Thus we may think of the assignment A — > N\ as 'limit preserving,' and could 
call it 'continuous.' In accord with the group-theoretic terminology and to avoid 
confusion we agree to the following 

Definition. Let /: W(a) — > X be a monotone function from the segment 
TL r (a) to a complete lattice X. The function / is smooth if for each limit ordinal (i 
in W(a), the following equality holds 

/( M )=sup{/(A)|A< M }. 

If a smooth chain {N\ \ A < a} in abelian group G has all successive quotients 
N\ + i/N\ cyclic groups (of infinite or prime order), and = 0, ^\<. a N\ = G, then 
{N\} is called a composition series for G. We view the notion of good filtration, 
defined in Lemma 1.3.7 below, as analogous to that of composition series for abelian 
groups. 

The proof of the following lemma is straightforward and will be omitted. 

Lemma 1.3.6. Let W be a well-ordered set, and let f : W — > X be an order 
preserving smooth function into a complete lattice. Then the preimages of f are of 
the form {n\Xi ^ A* < A2} where A2 has a predecessor. The quotient set W of the 
preimages is well-ordered, and the natural function q : W — > W is order preserving. 
Moreover ordW ^ ordW\ An element A e W is limiting if and only z/minA is 
limiting in W. Furthermore the ordinal number ofW is limiting if and only if the 
ordinal number of W is. 

The induced function F:W^X is an order preserving smooth injection and 
sup /(WO =su P F(W). □ 
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Lemma 1.3.7. Let X be a regular lattice with set of compact elements IC. Set 
£ = sup A". Let a denote the initial ordinal of cardinality card/c(£). 

There exists an order preserving smooth injection U : W(a) — > X whose image 
U is well-ordered, and exhaustive in the sense that supU — £. Moreover, for each 
subset AcM either sup A = £ or sup A eW (in X). Ln addition, the following two 
properties hold. 

• For each [i G W(a), the image U(fj, + 1) of fi + 1 equals U(p) V K = 
sup {U(n), k} for some n = n{n) G JC, and 

• for each [i < a+1, the image U(/j,) is bounded as cardjc U(/j,) < card IF (/x). 
We name U a good filtration for X with respect to K,. 

Proof. Let E be a subset of JC with sup E = £ and card E = cardjt £. Abusing 
notation we assume that E is an initial ordinal corresponding to the cardinal of E. 
To avoid ambiguity we denote the (new) relation in E by -< . We define u : E — > # 
by setting 

u(/) = sup {e | e G £7, e-</}. 
Obviously u is monotone. Since it is initial, E is limiting, and hence / < u(f + 1) 
(in X) for each / G In particular, sup{w(/) / G S} = supi? = £. Moreover, 
note that if g is limiting in E, then 

m( 5 ) = sup {u(f) \f <g}- 

This says that u is smooth. 

Let £ denote the quotient set of preimages, and let U: £ — > X denote the 
induced function. Furthermore let j : £ — > S denote the function defined by j(A) = 
maxg A. By Lemma 1.3.6 the function U is an order preserving smooth injection, 
and j is a well-defined order preserving injection. In particular, ord£ ^ ordE. 

Note that U — u o j, and an easy transfinitc argument shows that 

U(fi) =sup{j(A)|A< i u}. 

This yields card^: U{^) < cardVF(^i). Moreover, £ = supE = sup{j(A) | A G £} 
from which it follows that card£ = card E. Since E is initial it follows that ord£ = 
ord-E, as claimed. □ 

Lemma 1.3.8. Let a be a limit ordinal and let Z be a restricted inverse system 
of fibrations indexed by W(a). Let Z denote the limit space and let C be the union 
of some path components of Z . For each A < a denote by C\ the image of C under 
Z — > Z\. Lf for each A the induced fibration Ca+i — > C\ is a homotopy equivalence, 
then the system {C\ | A G VK(a)} is restricted and hence a system of homotopy 
equivalences. Ln particular, its limit space is C and is homotopy equivalent to Co- 

Proof. Let S be the set of those fi G W(a) for which the system {C\ A ^ yn} is 
restricted (and hence a system of homotopy equivalences) . The set S is nonempty, 
and it is evidently an initial segment of W(a). Suppose S = W{rf) for some 
r) G W(a). 

Immediately we infer that the system {C\ | A < 77} is restricted. 
If n has a predecessor 77 — 1, then {C\ \ A ^ 77} is automatically a restricted 
system. 

Suppose that r\ is limiting. Denote C = limA< r; C\. Trivially C is a subspace 
of limA<^ Z\ which is equal (homcomorphic) to the space Z v , by restrictedness. By 
definition of the spaces C\, the space C v is a subset of C. Moreover C v — > Co 
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is surjective. By Corollary 1.3.5 the map C — ► Co is a homotopy equivalence. 
Therefore C cannot meet path components of Z n different from those that meet 
Cq. But C v is the union of some path components, therefore in fact C equals C n , 
and C v — > Co is a homotopy equivalence. Thus the system {C\ A < vf] is restricted. 

The contradiction yields S — W(a), and it follows that {C\ \ X < a} is a re- 
stricted system. □ 

We come to the two main results of the section. 

Theorem 1.3.9. Let Z be a restricted inverse system of fibrations indexed by 
a complete lattice X with a set of finite elements K,. Assume that X is uncountable 
with respect to K,. Let Z denote the inverse limit space of Z and let C be a set of 
path components of Z . For L G X let Cl denote the image of C under Z — > Zl- 
Let r be a topological space which maps to the system {Cl \ L}. 

Let £ be the set of those L e X for which Cl has CW type and the map F — > Cl 
is a weak equivalence. 

Let X(rj) (respectively £(n) ) denote the subset of X (respectively C) of elements 
of fC- cardinality at most K r) . 

If £(0) is cofinal in X(0), then C(n) is cofinal in X(q), for any ordinal rj. In 
particular, C has CW homotopy type, and F — > C is a weak equivalence. 

Remark. The role of T mapping into {Cl | L] is the implication 
(*) L',L" G C, L' < L" =4> Cl" — > Cl> is a homotopy equivalence, 
by Whitehead's theorem. 

We will make use of the following observation. 
(**) Let r) be a limit ordinal and let /: W{rj) — > £ be an order preserving 
smooth function. Then L = sup {/(A) | A < rj} G £. 

PROOF of (**). By Lemma 1.3.6 the function / induces an order preserving 
smooth injection F : W — > X for which supF = sup/. Here W denotes the well- 
ordered quotient set. Since Z is a restricted inverse system, so is {-^f(a) I A G W}. 
The limit space of the latter is Z suPx f(A) : 

Indeed, if /x is a limit ordinal in W, then smoothness implies that F(p) = 
sup x {F(\) | A < fi}. The set F(W(p)) is a directed (in fact well-ordered) subset 
of X, and since Z is a restricted system, it follows that 

Z S up x F(W( M )) = lim(Z| F(V y (/J ))). 

This is to say that Z| F (w) is a restricted system. Again using restrictedness of the 
system Z we infer the equality lim (Z| F (w)) = Z suPx f(w)- 

Let L = sup / = supF. For A G W the set Cp(\) is the image of Cl under 
projection Zl — ► Z F ^ X )- The system {Cf^) | A G W} is one of homotopy equiva- 
lences by (*), therefore it is restricted by Lemma 1.3.8, and Cl is its limit space. 
In particular, Cl — > Cf(o) is a homotopy equivalence, and L belongs to £. □ 

PROOF of the theorem. Let S be the set of those A G W{£) for which £(X) 
is cofinal in X(X). By hypothesis G S. 

We will prove that S has the inductive property To this end suppose W(rf) C S, 
and choose L whose A^-cardinality is exactly tt n . Lemma 1.3.7 guarantees a good 
filtration {La | A G VF(a)} for L, selected from the regular lattice {M G X \ M ^ L} 
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with the set of compact elements K, n L. In particular, a is an initial ordinal of 
cardinality K r) , and for each clement A G W(a), the /C-cardinality of L\ is at most 
cardTT(A). 

Let X' be the subset of those elements of X whose /C-cardinality is strictly 
smaller than H^. Set £ = C f) X' , and choose a well-ordering of £ . 

Using transfinite construction we define an order preserving smooth function 
/: W(a) —> £ for which /(A) ^ L\, VA. 

Assume / already given for A < fi where fi < a. Note that cardIT(,u) < H^, 
and that the following implication holds. 

(t) (VA < fj, : card,c M A < X n ) => card^ ( sup {M\ | A < ^} ) < H n . 

Suppose that /i has a predecessor Then the /C-cardinality of the element 

/(/i — 1) V L M is strictly smaller than H^. Since by assumption W(rj) is contained 
in S, there exists an element of £ , which is bigger than /(/i — 1) V L M with respect 
to the lattice ordering. Let f(p) be the least of those in the well-ordering of £ . 

If /j, is limiting we define f{fi) = sup {/(A) | A < Equality = sup A< L\ 
evidently implies /(/i) L M . Moreover, /(/i) belongs to £ by (**) and (f). 

Thus there exists a function /: W(a) — ► £' with the requisite properties. Now 
set L' = sup {/(A) | A < a}. The /C-cardinality of L' is at most cardIT(o;) = Vt v . 
Again from the equality L = sup A<a L\ it follows that V > L. By (**), the element 
V belongs to the set C, whence we infer that L' G C{n), and r) G S. 

Transfinite induction yields S = W(£), and applying the definition of S to the 
element X we conclude the proof. □ 

Lemma 1.3.10. Letp: E — > B be a fibration where E is a Dold space. Suppose 
p(eo) — bo and let F be the fibre ofp over bo. Then the induced map flp: £l(E, eo) — > 
Q(B, bo) is a homotopy equivalence if and only if F is contractible. 

Proof. The proof is contained in the proof of the 'delooping theorem' of Al- 
laud [1]. □ 

Definition. Let X be a regular lattice with set of compact elements K,. A 
property P = P(a, (3) of pairs (a, (3) G K x K is an order preserving property if for 
any a', a, [3, [3' G K the implication 

a'^a, (3^(3', P(a,f3) => P(a',f3'). 

(For example ^ is an order preserving property.) 

If, in addition, for each a G K. there exists f3 G /C with (3 ^ a and P(a, (3) then 
P is a directed order preserving property 

We say that an ascending sequence 

Ai < A 2 s$ . . . 

of elements of K. is a P-sequence if P(\i, K+i) holds for all i ^ 1. 
The proof of the following lemma is trivial. 

Lemma 1.3.11. Let X be a regular lattice with set of compact elements K. 
Suppose P is a directed order preserving property of ordered pairs. Then for any 
ascending sequence 

«i < «2 • • • 

of elements of JC there exists a P-sequence 

Ai < A 2 < . . . 
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of elements of K, which dominates in the sense that Xi ^ «i. □ 

Theorem 1.3.12. Let Z be a restricted inverse system of fibrations indexed by 
a regular lattice X with set of compact elements JC, and let Z denote the limit space 
ofZ. Let ( E Z. 

(i) If the path component of ( has CW homotopy type then for every JC- 
countable there exists a bigger JC-countable A^ such that 

W fi(z,o^n(z Xoo ,(\xJ 

is a homotopy equivalence. Consequently the fibre of C — > C'x^ is con- 
tractible. 

In addition, if P is a directed order preserving property of ordered 
pairs in JC, then Aoo may be chosen to be the supremum of a P-sequence. 
(ii) Conversely, if for each IC-countable there exists a bigger JC-countable 
element Aqo such that ^.(Zx^, CUoo) has CW type and the map (*) is a 
weak homotopy equivalence, then Q(Z, Q has CW homotopy type. 

PROOF. Assume the path component C containing ( has CW homotopy type. 
As usual, let C M denote the image of C under Z — > Z^. 

Assume = sup {k\, k 2 , ■ ■ ■} where E JC. By Proposition 1.1.2 there exists 
k E JC such that for each [i E X with [i ^ k the fibre of C — * over £ M 
contracts in C. 

For a, [3 E JC we define Q(a,[3) if a < /3, P(a,f3), and the inclusion Fp — > F a 
is nullhomotopic. Clearly Q is an order preserving property. By assumption on P 
and by Proposition 1.1.2 the property Q is also directed. 

We apply Lemma 1.3.11 to obtain a Q-sequence {A^} dominating the sequence 

V Ko}. In particular P(Xi,X i+ i) for all i > 1 and Aj ^ k for all i. Let 
Aoo = sup{Ai}. By domination Aoo ^ n^. 

To continue we write i instead of A, for 1 < i ^ oo to ease the notation. 
Proposition 1.1.2 further guarantees commutative diagrams 

n(Zi,Ci) ► n(Zi_i,Ci-i) 



Fi x n(z,() mcluslon ■ -Pi— i x n(z,o 

where the vertical homotopy equivalences are given by 

and the maps 9i satisfy pi_i^# o $i = o inclusion. 

Set $1 = F\ and let • • • — > $3 — ► $2 — ► $1 be the inverse sequence obtained by 
changing • • • — > F2 — > i*i inductively into a sequence of fibrations. Thus we obtain 
(strictly) commutative diagrams 

Fi ► i^_i 
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where the fa: Fi —> <f>i are homotopy equivalences. Pick homotopy inverses gi for 
fi. Since the maps are fibrations, we may homotope the composites Oi o gi 

inductively to maps Lp i ; — > f2(Zj, Q) for which 

By defining x £) — ► Sl(Zi,Q) as i>i{x,j) = p i>a# (7) * <^(x), we get a 

(strict) map between towers of fibrations 

o(z 4 ,c,) ► n(Zi_i,Ci-i) 



consisting of homotopy equivalences. By Proposition 1.2.1 the limit map V'oo is also 
a homotopy equivalence. 

The limit space of {$i x fi(Z, ()} is $oo x £) where $oo is the limit space 
of {3>i}. If we let (foo : — > (Zoo, Coo) denote the limit map of the sequence 
{<Pi}, then by universality, 

(**) ^00(^,7) (7) * Poo (a). 

Let x E $oo- By Proposition 1.2.4 the space <J>oo is contractible, hence the inclusion 

i-.n(Z,Q = {x} x Cl(Z, ()^$=oX Sl(Z, C) 

is a homotopy equivalence. Therefore so is the map V'oo '-- But by (**), the map i/'oo 
for a fixed x is the restriction Q(Z, C) — > fi(Zoo,Coo) followed by a multiplication 
homotopy equivalence. Hence the map (*) is a homotopy equivalence, and an 
application of Lemma 1.3.10 concludes the proof of (i). 

Statement (ii) follows immediately from Theorem 1.3.9, by setting T = Q(Z, (), 
and using Lemma 1.2.5. □ 

1.4. Phantom components and the uniform Mittag-Leffler property 

We introduce the notion of phantom path components of the limit space of an 
inverse system of fibrations between CW type spaces. If X is a CW complex then 
Y x is the limit of with K ranging over the set /C of finite subcomplexes 

of X . Phantom path components of Y x then coincide with path components of 
phantom maps X — > Y with respect to K. (see also Section 2.4 below). 

Definition. Let A be a directed set and let {G\} be an inverse system of 
groups indexed by A. For Ai ^ A2 we denote the corresponding bonding morphism 
p\ 1 \ 2 : G\ 2 — > G\ 1 . We say that {G\} satisfies the Mittag-Leffler condition if for 
each A € A there exists \x G A with /x > A so that for each v > /j, the images of p\ v 
and coincide. 

Recall the following well known result (see for example Mardesic and Segal [34] 
II, Theorem 7.1.1, and J. Cohen [6] for generalizations) 

Proposition 1.4.1. Let (Z, {P*}) be the limit of inverse sequence of fibrations 
■ ■ ■ — > Z3 Z2 Z\ . For each number k ^ there exists a natural exact 
sequence (of pointed sets) 

* — > lim 1 ir k +i(Zi, *i) ir k (Z, *) llm7r '° (p \ lim 7rfc (Z i , **) — ► *. 
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In particular, (f> is an injection. □ 

We refer to [34], II, Theorems 6.2.10 and 6.2.11 for a proof of 

Proposition 1.4.2. Let {Gj,pj} be an inverse sequence of groups. Then 
lim 1 Gj is trivial if the sequence satisfies the Mittag-Leffler condition. If the groups 
Gj are countable, the converse also holds. □ 

Definition. Let Z be a restricted system of fibrations indexed by a regular 
lattice X with set of compact elements tC. Let Z denote the inverse limit of Z. 

Path components C, D of Z form a phantom pair with respect to JC if the 
images of C and D under Z — > Z K coincide for each k G K. They form a nontrivial 
phantom pair if C ^ D. 

Clearly the relation 'phantom pair' is an equivalence relation, and we denote 
by Ph(C) the equivalence class of C, i.e. the set of all path components D such 
that C, D form a phantom pair. 

Lemma 1.4.3. Assume that X is JC-countable, and let sup A" equal supj^i} 
where K\ ^ k<l ^5 • ■ • is a countable ascending chain in fC. Clearly {k^} is cofinal 
in K, and by Proposition 1.4-1 we may identify 

Ph(C)=lim 1 7r 1 (Z Ki ,C) 
where ( belongs to C and Q — (\ Ki . □ 

Theorem 1.4.4. Given hypotheses of Proposition 1.1.1, assume that C has the 
homotopy type of a CW complex. Then, given any k € K. there exists A' € JC such 
that for all k ^ 1 and any \i € X , for which /i A', the image of 

equals that of 

0) 7Tfc(C,C) -> 7Tfc(C K ,C K )- 

Moreover, for all large enough k, the morphism (*) is injective for k 1 . 
In particular, the fC-indexed induced inverse system of groups 

(**) K(C a ,Ca)} 

satisfies the Mittag-Leffler condition uniformly with respect to k ^ 1. 

If C is open then for all large enough k € K, the preimage of C K under Z — > Z K 
equals C . Consequently Ph(C) = {C}. 

If X is JC-countable then Ph(C) = {C} regardless of whether C is open or not. 

Proof. The first statement follows from (ii) of Proposition 1.1.2 by applying 
homotopy groups to the diagram of (i) of the same proposition. 

We may first choose k' € K, such that the fibre of C —> C K i over £ K / contracts 
in C. Then if k ^ k' the morphism (*) is an injection. 

If X is /C-countable then by Lemma 1.4.3 we may identify Ph(C) with lim 1 of 
a subsequence of (**) which is trivial by Proposition 1.4.2. 

If C is open then by Proposition 1.1.1 we may assume that the fibre of Z — > Z K i 
over £ K / contracts in the total space. By applying ttq this shows that the preimage 
of C K i under Z — > Z K > is exactly C. □ 
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1.5. Sequences of Postnikov sections 

Let ► Yt ^ Yi-x -» ► Y\ be an inverse sequence of fibrations between 

CW type spaces. We do not know whether in general the question of CW type of 
the limit space Y x can be reduced to studying the morphisms Hk^Xi) —> ^k(Y-i) 
induced on homotopy groups. However, this is the case when all the Yi have trivial 
homotopy groups above a certain level (independent of i). 

While Proposition 1.5.7, the key ingredient of Theorem 1.5.1, is more general in 
nature, we need the vanishing of homotopy groups to 'reach an end' of an inductive 
if and only if argument. 

Definition. Let • • • — > G3 — > G2 — > G\ be an inverse sequence of groups with 
inverse limit G^. We say that {Gi} is injectively Mittag-Leffler if it satisfies the 
Mittag-Leffler condition and the canonical projections G m — > Gi are injective for 
all but finitely many i. 

Let A denote the 'fc-ification functor', that is the functor which to every topo- 
logical space assigns the space with the same underlying set whose topology is the 
compactly generated refinement of the original one. (See Steenrod [60].) 

Theorem 1.5.1. Let ■ ■ ■ -> Y, Y,_i • • • -> Yi be an inverse sequence 
of fibrations with a coherent set of nondegenerate base points {f]i}. Let Y^ be the 
limit space and let C be the path component of rjoo = {rji} in Y^. Further let Ci 
be the image of C under Y^ — > Yi. Assume that all spaces Yi have CW homotopy 
type and that there exists a number N so that 7Tfc(Yi,%) = for k ^ N + 1 and all 
i. 

(i) If C has the homotopy type of a CW complex then for each k 1 the 
sequence {iTk(Y,Vi) I*} * s injectively Mittag-Leffler. 

If, in addition, C is open, then the preimage of Ci under Y^ — > Yi 
equals C for all but finitely many i. 
(ii) Conversely, if for each k ^ 1 the sequence {7Tfc(Yi, rji) \ i} is injectively 
Mittag-Leffler, then &(C) has CW homotopy type. If, in addition, TTkiYi^i) 
is countable for k > 2 and all i then C has CW type. 

If, in addition, the preimage of d under Y^ — > Yj equals C then C 
is open in Y^. 

Corollary 1.5.2. Let ■ ■ ■ -> Y, Y 4 _i -» »• Yi be an inverse sequence 

of fibrations with a coherent set of nondegenerate base points {rji}. Assume that all 
spaces Yi have homotopy types of countable CW complexes and that there exists a 
number N so that nk{Yi, rji) = for k ^ N + 1 and all i. 

Then the inverse limit of {Yi} is contractible if and only if it is weakly con- 
tractible. 

Proof of Corollary. Weak contractibility implies the vanishing of lim 1 
terms by Proposition 1.4.1. By Proposition 1.4.2 the sequences {^(Yj, *) | i} satisfy 
the Mittag-Leffler property. □ 

Example 2. Consider the inverse sequence of circles 

where pi denotes the ni- sheeted cover ( ( ni for a number and we understand 
S 1 as the set of complex numbers of absolute value 1 . 
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The induced sequence outti is ■ ■ ■ — > Z — 2-> Z — ^ Z. L/us ftos i/ie Mittag-Leffler 
property if and only if either 

• rij = ±1 /or a/Z 6wi finitely many i in which case the limit is S 1 , or 

• Hi = /or infinitely many i in which case the limit is a point. 

In particular, the p-adic solenoid T p for a prime p obtained by setting = p for all 
i, has Zp/Z path components all of which form a single phantom class, and each is 
weakly contractible but not contractible. □ 

The rest of this section is devoted to the proof of Theorem 1.5.1. 

PROPOSITION 1.5.3. Let k be a natural number and let 

yKi^Ki-!^ ► K x 

be an inverse sequence of fibrations where the Ki are Eilenberg-MacLane spaces 
with the single nonvanishing homotopy group in dimension k. 

Let Koo denote the inverse limit of the sequence, together with natural projec- 
tions P t : Koo — * Ki. Pick a base point £ = {Q} G LToo and let Gi = nk(Ki,Q). 
Denote the induced morphism Gi — ► Gi-i simply by pi and let Goo denote the 
inverse limit of {Gi,pi}. 

Assume that the sequence {Gi,Pi} is injectively Mittag-Leffler, and, in case 
k = 1, that the point £, is nondegenerate in Ki, for each i. 

Then the limit space K^ has the homotopy type of K(G oa ,k). In particular, it 
has the homotopy type of a CW complex. 

Proof. Note that since TTk+i(Ki,0) — 0, iTk{Koo, C) — Goo, by Proposi- 
tion 1.4.1. By the same proposition, the space ALx> has a single nonvanishing 
homotopy group, since the sequence {Gi,pi} has the Mittag-Leffler property. 

More precisely, the Mittag-Leffler property implies that the images of Gj — > Gi 
stabilize for large enough j. By replacing the sequence {Gi} with an appropriate 
subsequence we may assume that for each i the image of Gj — > Gj_i equals 
that of Gj — > for all j ^ i (including j = oo). 

In addition, we may assume that for each i, the morphism Goo — > Gi is injective. 
This implies that the morphisms Goo — * Si are bijective and consequently so are 
Si — > Si-i, for all i. 

Now we treat cases k ^ 2 and k = 1 separately. 

Assume first that k > 2. The composite Goo — > G2 — > Gi is then an isomor- 
phism onto Si. Hence the injection Goo - * G2 has a left inverse, and since the 
groups are abelian, Goo — » G2 splits. By possibly neglecting the first term we may 
therefore assume that all injections Goo — ► Gi are split. Let K be a CW complex of 
type K(G oc ,k) and let pi : K\ — ► LT be a map inducing a 'projector' Gi — > Goo on 

the homotopy group. Split pi canonically as K\ ^> L\ K where fx is a homo- 
topy equivalence and q\ is a fibration. Given /, : Ki — > Lj split fiPi+i : ^Q+i — > L, 

as A'j+i > Z/j + i g,+1 > Lj with / i+1 a homotopy equivalence and a fibration. 
Let /oo : Koo ~ * Loo denote the induced homotopy equivalence on the limit spaces. 
We note that the projection Loo — > Li is a fibration and consequently so is the 
composite map Loo — » ^o- Clearly the fibre of Loo — * LT over o € LT is the 
inverse limit of the fibres Li of Li — > ifo over 60 . But the induced maps Lj — > Lj_i 
are nullhomotopic, and hence the limit Loo is contractible. Therefore Loo — Koi & s 
claimed. 
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Now assume that k = 1. For each i choose a CW complex d having the 
homotopy type of K%. Next choose a base point 7, G Gj. Since the base points 
7, G Cj and £3 G are nondegenerate, (Ki, Q) and (Gj,7j) are equivalent as pairs; 
that is there exist pointed maps g j : Ki — > Gj , ft : Gj — > such that ^ o /j and 
/j o are homotopic to the respective identity maps via base point preserving 
homotopies. 

Set Si — gi#(Si) and let Gj — > Gj be a covering associated to the subgroup 
Si ^ 7Ti(Ci,7i). Pulling back this covering over gi \ Ki — > Gj yields a fibration 
qi'.Wi — > -Kj with discrete fibres, which maps 7Ti(Wi, Wj) isomorphically onto Sj. 

/' 1 

By construction the composite Gj+i — — > -Kj+i — > l£j lifts to a map into Wi 
(sending 7, + i to Wj). Precomposition with <7j + i defines a map Ki+i — ► Wj which 
lifts -ft'i+i — ► up to homotopy. Since Wi — > ifi is a fibration, a strict lifting 
can be obtained. Since d + i is nondegenerate in Ki + \, we may arrange that 

r»+i(C»+i) = w i- 

Note that since the fibres of are discrete, the map rj+i is a fibration. The 
limit space is thus homeomorphic to the limit space of 



We recall a definition due to J. Cohen [7] in a slightly modified version that is 
suitable for our purposes. 

Definition. Let $ : GxE — > E denote a free left action of a topological group 
G on a space E. The action $ is open if for every space Z and every pair of maps 
fi, H '■ Z — > £7 such that /i(z) and /2(z) he in the same orbit for each z there exists 
a map / : Z — > G so that 



A fibration p : £7 — > _B is called a principal open fibration if £ is a free left G-space 
with an open action such that p{e\) = p{e2) if and only if e\ and e2 lie in the same 
orbit. (This is to say that p induces a continuous injection E/G — > £> for which in 
general we do not require to be onto or open.) 

For example, if G is a closed subgroup of a topological group H, then the action 
of G on H by multiplication on the left is an open action. 

The proofs of the following two lemmas are straightforward. 

Lemma 1.5.4. (i) Letp: E — > B be a morphism of topological groups and 

let G := kerp. Let G act on the left on E . If p is a fibration then it is a 
principal open fibration. 
(ii) Let p: E — > B be a principal open fibration and let f : X — > B be a map. 
Then the pullback fibration f*E — > X is a principal open fibration. □ 

Lemma 1.5.5. Let the groups G and G' act freely on, respectively, E and E' . 
Let p: E — > B and p' : E' — > B' be fibrations coherent with the respective actions. 
Suppose given a commutative diagram 



> W z -> W 2 -» Wx 

which is a sequence of fibrations that are homotopy equivalences. 



□ 



$(/(*), /i(z)) = / 2 (*). Vz. 



E' 



E 



p 



v 



B 



B 
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Assume thatp is a principal open fibration, and that n is an equivariant map in the 
sense that rj(g ■ x) — ui(g) ■ i](x) for some continuous morphism uj: G' — > G. If ui 
and (3 are fibrations, so is rj. □ 

The following proposition is due to J. Cohen; see [7], Theorem 1.1. 

Proposition 1.5.6 (J. Cohen). Let {pi \ Ei — ► B{\ be a level preserving mor- 
phism of inverse sequences where for each i, the space Ei is a free left Gi-space and 
Pi \ Ei — ► Bi is a principal open fibration. Assume that the maps Ei — > £?,_i are 
equivariant given by homomorphisms LOi'.Gi^ Gj-i- 

Let poo : Eqc — > Boa denote the induced inverse limit map, and set Goo — limGj. 

If the uji are fibrations then poo is a principal open fibration. □ 

PROPOSITION 1.5.7. Let ■ ■ • — ► Zi Z*_i —►•■■—> Z\ be an inverse sequence 
of fibrations with a coherent set of base points {Ci}- Assume that the Zi are (k— 1)- 
connected spaces of CW type where k ^ 1 and denote Gi = TTh(Zi,Q). Further let 
Goo denote the limit group of the induced sequence •■•—►£?{—» Gi-i — ► • • • — > G\. 

Ifk = l, assume also that Q is a nondegenerate base point of Zi for each i. 

There exists a morphism of towers 

■ ■ ■ ► Z3 ► Z2 ► Z\ 



Z3 ► Z2 ► Z\ 



where all arrows are fibrations and the arrows Zi — > Zi are k- connected covers. The 
limit map Zoo — > Zoo fits into a pullback square 

Zoo *" Poo 



Zoo *" Kqo 

where Poo is contractible and the vertical arrows are always fibrations for the class 
of compactly generated spaces. 

If the sequence {Gi} satisfies the Mittag-Leffler condition and the canonical 
projections Goo — ► Gi are injective, then the space Koo has CW homotopy type. 
Hence &{Zoo) has CW homotopy type if and only if &(Z 00) has. 

If k = 1 or the groups Gi are countable, then the arrows Zoo —* Zoo and 
Poo — > Koo are fibrations and the space Zoo has CW homotopy type if and only if 
Zoo has. 

Proof. Assume that k ^ 2. First inductively construct an inverse sequence 

> K(Gi,k) K(Gi- U k) -» > K(G U k) 

of fibration homomorphisms between topological abelian groups which on the non- 
trivial homotopy group agree with the induced maps nk(Zi,Q) — + 7Tfc(Zj_i, Ci-i)- 
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This can be done as follows. Using infinite symmetric products (see Dold and Thorn 
[9]) or geometric realization of simplicial groups (see Milnor [42]) it is possible to 
construct an inverse sequence • • • — > A 3 — ► A 2 — > A\ with Ai — > A^i a morphism 
of topological abelian groups for all i. Since the space of free paths on a topolog- 
ical group is canonically equipped with a compatible topological group structure, 
the factorization of A 2 — > A\ as a composite of homotopy equivalence A 2 — > A' 2 
followed by fibration A' 2 — > A\ is one of morphisms of topological abelian groups. 
Hence A 3 — > (A 2 A' 2 ) is a morphism of topological groups and we may proceed 
inductively 

In case the groups Gi are not countable, the above construction yields an inverse 
sequence of morphism- fibrations of quasitopological groups (see Appendix B) . 

By applying the functorial contractible path-space 'covering' construct a com- 
mutative ladder 

► P 3 ► P 2 ► Pi 



► K(G 3 ,k) > K(G 2 ,k) ► K(G u k) 

where all arrows are both fibrations and morphisms of topological abelian groups. 

Pick maps Z; t — » K(Gi, k) corresponding to an isomorphism on the homotopy 
group TTk- Using homotopy lifting property to change Zi — ► K(d, fc) for homotopic 
maps inductively construct a commutative ladder 

• • • ► Z 3 > Z 2 y Zi 



> K(G 3 ,k) > K{G 2l k) y K(Gi, k) 

Finally form an inverse sequence of pullback squares 



Poo *" ' ' ' ^ Pi *" Pi— 1 




Since Pi — > K{Gi,k) is a fibration morphism, it is a principal open fibration. 
Hence so is the pullback map Zi — > Zi by Lemma 1.5.4. Further note that the 
restriction of Pi — > P»_i to the fibre is trivially a fibration morphism. Hence the 
induced equivariant map Zi — > Zi-\ is also a fibration by Lemma 1.5.5. The 
morphism P^ — ► ifoo is the limit of principal open fibrations, and is itself such by 
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is a pullback by construction. Hence Z x — ► Z^ is a principal open fibration by 
Lemma 1.5.4. 

In case the groups d are not countable, the actions are only compactly open 
(see Proposition B.0.6), and the limit maps under consideration have the homotopy 
lifting property with respect to compactly generated spaces (see Corollary B.0.7). 

If the inverse sequence of groups {Gi} satisfies the hypotheses of the proposi- 
tion, has the homotopy type of a K(Goo, k) by Proposition 1.5.3. In particular, 
it has CW homotopy type. 

Hence has CW homotopy type if and only if Z^ has. 

If the groups Gi are not countable then after ^-ification, the square remains 
a pullback, and the vertical arrows are fibrations in the category of compactly 
generated Hausdorff spaces. Stasheff's theorem remains valid in that category (see 
for example P. Kahn [29]), hence in this case ^.{Zoo) has CW type if and only if 
^(Zqc) has. 

In case k = 1 , first inductively construct a based inverse sequence of fibrations 

► (Ki,Ki) ^ (ifi_l,Ki_l) ► (Kl,Kl) 

where Ki is nondegenerate in Ki, the pair (Ki, Ki) has the type of a (K(Gi, 1), *), 
and ai# : iri(K i} Ki) — > -K\(Ki_\, Kj_i) realizes the morphism Gi — > C?i_i. 

For each i, let ^ : Pi — > Ki denote the fibration with discrete fibre, obtained 
by pulling back a universal covering Ei — > K(Gi, 1) over the homotopy equivalence 
Ki —> K(Gi,l). Since the Pi are contractible, any map P, — ► Pi-i is a lifting 
of Ki — > Ki-i up to homotopy, and since Pi — Ki is a fibration, a strict lifting 
may be obtained. The composite Pi — > Pj_i — ► -ft^-i is a fibration since it equals 
Pi — > i^i — > and since Pj_i — ► has discrete fibres, also P, — > Pj_i is a 

fibration. 

We use well-pointedness of the Z^ to inductively construct a level-preserving 
map of inverse sequences {Zi} to {Ki}. Form Z, as the pullback of Zi — > ifj <— Pi 
as before. Since Pi — > ifi and Zj — > Zi are fibrations with discrete fibres, the limit 
maps Poo — > i^oo and Z^ — ► Z M are always fibrations. □ 

Proof of Theorem 1.5.1. Statement (i) is clear by Theorem 1.4.4. 

As for (ii), let be the limit space of {Ci}. Since {■ni(Ci 1 rj i ) = ni(Yi, r]i)} 
satisfies the Mittag-Leffler property, Coo is path-connected by Proposition 1.4.1. 
Evidently C C Coo and thus C — Coo since C is a path component. By inductive 
application of Proposition 1.5.7 it follows that &(C) has CW type if and only if .ft(Z) 
has where Z is the limit space of iV-connected covers of Ci. By Proposition 1.2.4 
the space Z and consequently £(Z) are contractible. Hence ft(C) has CW type. □ 



CHAPTER 2 



CW homotopy type of function spaces 

In this chapter we discuss various properties of function spaces of CW homotopy 
type. We give some necessary conditions, and some sufficient conditions. 

First we show that certain spaces of continuous functions between CW com- 
plexes fit into the framework of Chapter 1. In particular, n-ad function spaces 
(Y; Y U Y 2 , . . . , y n )(Jfi^i,A 2 ,...,A n ) are suitablc for study . 

Then we give our main 'topological' characterizations of CW type function 
spaces. For CW complexes X and Y, the function space Y x has CW type if and 
only if Y x admits a numerable covering of open sets contractible within Y x . In 
particular, if X is countable then Y x has CW type if and only if it is scmilocally 
contractible. Hence function spaces between CW complexes carry so much structure 
that local contractibility properties are sufficient. 

Next, Y x has CW type if and only if X is essentially countable with respect 
to Y. More precisely, if Y x has CW type then for every g: X — > Y and every 
countable subcomplex L of Y there exists a bigger countable subcomplcx V such 
that the fibre over g\v of the fibration Y x — > Y L is contractible and consequently 
fl(Y x ,g) — > fl(Y L ,g\h') is a homotopy equivalence. 

Conversely, if for each countable subcomplex L there exists a bigger countable 
subcomplcx V such that Y x — > Y L is a weak equivalence onto image of CW type, 
then Y x has CW type. 

The results of Section 1.1 (see also Section 1.4) impose severe restrictions on 
homotopy groups Wk(Y x , g), where k ^ 1, for Y x of CW type. Below we show 
that there are also restrictions on the set of path components. In particular, path 
components must be small in number, and there can be no phantom path compo- 
nents. 

For Y a CW complex with finitely many nontrivial homotopy groups, the ques- 
tion of CW type of Y x depends only on the induced morphisms iTk(Y M ) — > nk(Y L ) 
for L < M < X, and k ^ 0, and we give necessary and sufficient conditions. 

At the end of this chapter we present three types of 'constructions' of CW type 
function spaces, which we apply in later chapters. 



2.1. Function spaces as inverse limits 

Let (X; Ai, . . . , A n ) be a CW n-ad and let (Y; B\, ... , B n ) have the homotopy 
type of a CW n-ad. Our general aim is to study the homotopy type of n-ad function 
space- :) :!!. 1',,.. x < 1 1 . 

Let Sx be the set of all subcomplexes of X, and let Ax be the direct sum 
(BjZiSx whose elements are sequences A = (Ai, A 2 , A 3 , . . . ) of subcomplexes of 
X with A 3 = for all but finitely many j. Let By denote the subset of ©^^2 
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consisting of those sequences B = (B\ , Bi , . . . ) of subsets of Y where ( Y; B\ , . . . , Bj ) 
has the homotopy type of a CW j-ad for each j. 

Let K be a compact CW complex and let Sk be the set of subcomplexes of 
K. Then I x if is a CW complex and the cartesian product defines a function 
Sx x Sk — * SxxK- 

n X 

We define obvious operations Ax x Sx — > Ax", -4x x <Sk — ► AxxK, and 
•Ax x^l x ^Ax- 

Let T be a subcomplex of X and let 7: T — > Y be a map. For A e _4x and 
B e B Y let (Y;B)< X;A ) denote the 'n-ad' function space, and (Y; B)( X;A ) [T, 7] its 
subspace 

{/iX-.ri/^cBiVi, /|t = 7}- 
Lemma 2.1.1. Let L be a subcomplex of X. The restriction map 
(F;B)(*; A )[T, 7 ] - (Y;B)^ Ani >[TnL,7| Tni ] 

is a fibration. 

PROOF. We may assume T sC L, since (Y; B)( i;Ani )[TnL, 7| T nL] is homeomor- 
phic to (Y; B)( L ' ;Ani ') [T, 7] where L' = WT. Then (Y; B)( X;A ' [T, 7] is the preimagc 
of (Y;B)( L;AnL )[T, 7 ] under the restriction map (Y;B)( X;A ) -> (Y;B)( L;AnL ). Thus 
it suffices to show that the latter is a fibration. 

For a compactly generated space M and a compactum C the product M x 
C is compactly generated and (Y M ) C is homeomorphic to y MxC . In particu- 
lar, this holds for a CW complex M. Thus [(Y;B)( X;A ))] J is homeomorphic to 
(y ;B )(Xx/,Ax/) and the pullback of (Y;B)( X;A ) -» (Y;B)( i;Ani ) <- [(Y; B)( i;Ani )] / 
is homeomorphic to (Y; B)( Xx0uLx ^ AxOU ( AnL ) x/ ). 

Let p:Ix/^IxOU£x/bea retraction such that p(A t x /) C A, x U 
(Ai n L) x / for all i. Composition with p defines a lifting function 

A- (Y-^( Xx0ljLxI:Axau ( AnL ) x1 ) _> (y- jj^-fx-f.Ax-f) 

for (Y;B)( X;A ) ^ (Y;B)( i;AnL ). □ 

Remark. Note that Lemma 2.1.1 remains valid if we assume that the entries 
Ai of A are closed subsets of a space X such that all possible intersections PljAj are 
cofibered subsets of X. 

If (Y;B)( X;A '[T,7] is non-empty then it contains a map T: X -> Y. Therefore 
it makes sense to define 

.F(x,Y) = {(Y;B)^ ;A )[T,r| T ]|Ae^, Me B Y , TeS x , re(y ; Bp>}. 

For Z = (Y;B)(^ A )[T,r| T ] e F{X, Y) define 

Z(L) = (Y;B)( i;Ani >[TnL,r| Tni ]. 

Lemma 2.1.2. Let Z e T(X,Y). 
(i) For arbitrary subcomplexes L ^ L' ^ X , the restriction map Z(L') — > 

is a fibration. The fibre of Z — > Z(L) is an element of !F(X,Y). 
(ii) Let M ^ X and ief £ 6e an exhaustive directed system of proper subcom- 
plexes of M. Then Z(M), together with restriction maps Z(M) — > Z(L), 
is t/ie /imii 0/ t/ie inverse system {Z{L) \ L <E £}. 
(iii) For if a /mite subcomplex of X , the space Z(K) has CW homotopy type. 
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Proof. Statement (i) is contained in Lemma 2.1.1. 

To prove (ii), note that directedness of C guarantees that every compact subset 
of M is already contained in a member of C Thus (ii) is an easy consequence of 
the fact that CW complexes have the weak topology with respect to the family of 
closed cells. 

Let Z = (F,B)( x ' A )[T,r| T ]. Then Z(K) = (Y, B)(^ AnK ) [T n K, T\ TnK ] is the 
fibre of (Y",B)( K < AnX ) (y ; B)( Tn ^ AnTnK ) over r\ TnK . The total space and the 
base space have CW homotopy types by Theorem 3 of [43] hence so has the fibre 
Z(K) by Stasheff's theorem. □ 

We have established 

Proposition 2.1.3. Let Z e T{X, Y), and let X denote the set of all subcom- 
plexes of X. Then the functor X — > Top, 

L i — ► Z(L), (L < M) i — ► (Z(M) rest " ct '°") Z{L)) 

is a restricted inverse system of fibrations indexed by the regular lattice X. The 
sublattice JC of X consisting of finite subcomplexes is the set of compact elements 
and Z(K) has CW homotopy type for each K 6 JC. □ 

One of the nice features of T(X, Y) is that it is 'closed under forming loop 
spaces.' More precisely, let g £ Z = (Y;Bf x ' A \T,T\ T \. Then fl(Z,g) is homeo- 
morphic to 

(Y;B) (XxI '' AxI) [T x IUX x dl, T\ T opr T U 9 opr x ]. 

In this way we may view £l(Z,g) e T(X x I,Y), and the restriction Cl(Z, g) — > 
Q(Z(L),g\ L ) can be identified with Ct{Z,g) -> Q,(Z,g)(L x I). 

Also note that in this way Cl(Z, g) may naturally be viewed as the limit of a 
restricted inverse system of fibrations indexed by X. 

Convention. If X is a CW complex then under cardinality of X we under- 
stand the cardinality of the set of cells X. 

Lemma 1.3.7 implies 

Lemma 2.1 A. Let X be an infinite CW complex, and let X be the set of all 
subcomplexes of X . For an initial ordinal a of cardinality cardX there exists an 
order-preserving injection W(a) — > X, A X\, whose image is well-ordered and 
exhaustive in the sense that Ua<c*^a = X. For each p, G W^(a) the quotient 
complex X^+i/X^ is finite and, if p is limiting, X^ = U\ <tl X\. Moreover, for 
each [i < a + 1, the subcomplex X^ has cardT / l r (^) cells. □ 

Remark. If necessary we may replace each 'successive pair' X^) by a 

finite refinement X^ = Xq < X\ < ■ ■ ■ < X r = X^ + i where for each i, the pair 
(Xi, Xi-i) is the adjunction of a single cell. □ 

Definition. Let A" be a CW complex and let X x , A e W(a), be a filtration 
of subcomplexes of X. We say that {X\ | A} is a good filtration if it is exhaustive 
in the sense that U\X\ = X, the assignment A — ► X\ is order-preserving, and for 
each limiting p < a the subcomplex X^ is given by X^ = U\ <fi X\. □ 

Lemma 2.1.4 asserts that every complex X admits a good filtration indexed 
by W(a) where a is a limit ordinal such that consecutive steps are adjunctions 



2.1. FUNCTION SPACES AS INVERSE LIMITS 



25 



of finitely many cells (or a single one, if desired) and for each [i < a + 1, the 
subcomplex has exactly card cells. 

The 'goodness' of a good filtration is apparent from 

Lemma 2.1.5. Let a be an ordinal number and let {X\ \ A < a} be a good filtra- 
tion for X . Let Y be any CW complex. We may form an inverse system indexed by 
W(a) consisting of spaces Y Xx where for each A < /1 the bonding map Y Xfi — > Y Xx 
is the restriction fibration. Since Ua^a = X , the limit of this system is Y x , to- 
gether with restriction projections. 

Moreover, if [i is a limit ordinal, \i < a, then 

Y x " = lim Y x \ 

\<n 

which is to say that {Y Xx | A G W^a)} is a restricted inverse system. □ 

We close this section with two simple-minded examples of function spaces that 
are not of CW type. 

Lemma 2.1.6 (Splittings of domain). Assume X = Vaga^a- Let C (respec- 
tively C\) denote the path component of the constant map in {Y, *)( X '*' (respectively 
(Y", *)( Xa '*' ). Lf C has CW type, then C\ is contractible for all but finitely many A. 

PROOF. Since (Y, *)( X '*) (respectively C) is homeomorphic to Y\\{Y,*)^ Xx, *' > 
(respectively J^a C-Oj this follows immediately from Example 1 on page 4. □ 

Example 3 (Infinitely many "free" cells). Assume that Y T has CW type and 
let X be obtained from T by attaching an infinite family of cells {e™ A | A} along an 
attaching map UaS™^ 1 — > T. This is to say that we attach infinitely many free 
cells. Lf for each A there exists a number n\ ^ m\ with ir nx (Y) nontrivial, then 
Y x cannot have CW type. 

IfY x has CW type then so has the space (Y, *)( x / T d T }) ; by Stasheff's theorem. 
But X/T = \l x S mx , and ir k ((Y, *)( smx -*\ *) ^ TT k+mx (Y, *), by adjunction. The 
assumptions on Y contradict Lemma 2.1.6. 

For an explicit example we may take X = M(¥,m) and Y = K(Jj2,n) where 
m ^ n. Here M(F, n) denotes a Moore space of type (F, n), and F is the free abelian 
group on countably many generators. 

The case m = n generalizes Milnor's example X = N, Y = {0,1} (see [43]) 
if we understand N as a M(F, 0) and {0,1} as a K(Z2,0). It was pointed out 
by Milnor that ({0, 1} , *)( N '*) is homeomorphic to the Cantor set. We note that 
(i4r(Z 2 ,n),*)( M ( F '")'*) is homeomorphic to {Q, n K (Z 2 , n), *) (N '* ) which in turn is 
homotopy equivalent to the Cantor set. □ 

Example 4 (A stable splitting). Let Y be a CW complex with infinitely many 
nontrivial homotopy groups. (By a theorem of Serre [52], see also Neisendorfer 
[46], Y may be a finite CW complex which is simply connected but not contractible.) 
Then the path component C of the constant map in (Y, *) < - nsP+1 does not have 
CW type for any p ^ 1 . 

Since flS p+1 is homotopy equivalent to the James construction J(S P ) (see 
James [28], and also Puppe [49],), we may take X = J(S P ). Lf C has CW type, 
so has the loop space fi(C, *) « (Y,*) ( ~ SX '*\ It is well known that SX = SJ(S P ) 
splits as SX ~ V^ 1 /S ,pj ' +1 . By adjunction the group 7Tfc((Y, *Y SP: ' '*\ *) is isomor- 
phic to nk+pj+i (Y, *). The latter is nontrivial for infinitely many k, contradicting 
Lemma 2.1.6. □ 



26 



2. CW HOMOTOPY TYPE OF FUNCTION SPACES 



2.2. Properties of function spaces of CW type 

Proposition 1.1.1 says 

Theorem 2.2.1. Let X and Y be CW complexes and Z G F{X,Y). Let C be 
the union of some path components of Z , and for each subcomplex L of X let Cl 
denote the image of C under Z — > Z(L). 

(i) C is semilocally contractible if and only if for each map g G C there exists 
a finite subcomplex K of X such that the fibre Fk over g\x of C — > Ck 
contracts in the total space. 

(ii) C is semilocally contractible and open if and only if for each map g G C 
there exists a finite subcomplex K such that the fibre of Z — > Z(K) over 
g\x contracts in the total space. 

(iii) If C is semilocally contractible then for each map g G C the loop space 
fl(Z;g) has CW homotopy type. 

(iv) Z has CW homotopy type if and only if it is a Dold space. □ 

Lemma 2.2.2. If Z G T{X, Y) where X is a countable complex, then Z is 
hereditarily paracompact (in fact stratifiable) . 

Proof. By Cauty [4], the function space Y x is stratifiable, and hence hered- 
itarily paracompact. □ 

Corollary 2.2.3. Let Z G T{X,Y) where X is countable, and let C be a 
set of path components of Z. Then C has CW homotopy type if and only if it is 
semilocally contractible. 

In particular, if C is globally well-pointed, it has CW homotopy type. Compare 
Theorem 3.1 of [56]. □ 

Lemma 2.2.4. (i) Let X be a connected CW complex and K a finite sub- 

complex of X . Then there exists a finite subcomplex L of X such that the 
inclusion induced morphism H*(L) — > H*(X) is infective on the image of 
H*(K) -» H* (L) . 

(ii) Let Lq ^ L\ ^ L2 ^ . . . be an ascending sequence of finite subcomplexes 
of X with union L^. If for each i^ 1 the morphism H*(Li) — ► H*(X) is 
infective on the image of — > H^Lf) then the morphism 

H*(Loo) — ► H*(X) 

is infective. 

Proof. For (i) see the proof of Lemma 4.1.3 of Gray and McGibbon [24], and 
(ii) is evident. □ 

Theorem 1.3.12 says 

Theorem 2.2.5. Let Z e F(X,Y), let C be a set of path components of Z , 
and let g G C be a map. Let Cl denote the image of C under Z — > Z(L). 

(i) If C has CW homotopy type then for every countable complex L of X 
there exists a bigger countable complex L' such that £1{Cl' , g\h') has CW 
type and 

(*) n(C;g)^n{C v ,g\v) 
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is a homotopy equivalence. Consequently the fibre of C — > Cl> over g\h' 
is contractible. 

In addition, if P is a directed order preserving property defined on 
pairs (K,K') of finite subcomplexes with K < K' then L' may be assumed 
to be the union of a P -sequence. 

In particular, we may assume H*(L';Z) — ► H*(X;Z) to be injective. 
(ii) Conversely, if for each countable complex L there exists a bigger countable 
complex L' such that VL{Cl> , g\u) has CW homotopy type and (*) is a weak 
homotopy equivalence then f2(C, g) has CW homotopy type. 

Proof. We need only discuss the statement about H*(L':Z) — > H*(X;Z) of 

(i)- 

Let Q(K, K') if H*{K') -> H*{X) is injective on the image of H*{K) -> 
H*(K'). Then Q is a directed order preserving property by (i) of Lemma 2.2.4. 
Now apply (ii) of Lemma 2.2.4 together with Theorem 1.3.12. □ 

Theorem 1.3.9 translates into 

Theorem 2.2.6. Let X be a CW complex with uncountably many cells, and 
let Y be an arbitrary CW complex. Let Z G T{X, Y) and let C be a set of path 
components of Z . For each subcomplex L of X denote by Cl the image of C under 
Z -> Z(L). 

Let L be a topological space and assume that there exists a map of P into the 
inverse system {Cl \ L}. 

Let C be the set of those subcomplexes L of X for which Cl has CW homotopy 
type and T — > Cl is a weak equivalence. 

Assume that for each countable subcomplex L there exists a countable subcom- 
plex L' G C containing L. 

Then for any ordinal rj and every subcomplex L of X with cells there exists 
a larger subcomplex L' G C with H v cells. 

In particular C has CW homotopy type, and T — > C is a weak equivalence. □ 

Corollary 2.2.7. Let X be a CW complex with uncountably many cells such 
that for each countable subcomplex L there exists a countable subcomplex L' con- 
taining L so that (Y, '*) is contractible. Then (Y,*y x '*) is contractible. 

PROOF. Note that (Y, *)( L ''*) is contractible if and only if the section Y — > Y L 
is a homotopy equivalence. By Theorem 2.2.6 the space Y x has CW type and 
Y — > Y x is a (weak and hence genuine) homotopy equivalence. □ 

Lemma 2.2.8. Let X and Y be connected CW complexes. Assume that the path 
component C of g G (Y,*)( X '*^ has CW homotopy type. Then there exists a finite 
subcomplex K of X such that for any L ^ K and every k 2 the sequence of 
groups and homomorphisms 

(*) n k ((Y,*)( x '*\g) - n k ((Y,*)^*\g\ L ) -+ TT k ^(F L ,g) - 

is exact. Here Fl denotes the fibre of (Y, *y x '*1 — > (Y, *)( L '*' over g\i,. In addition, 
the morphism 

(**) *i{<y,*)( x *\g)^*iM*) iL ''\9\L) 

is injective. If C is open in (Y, then for k = 1, (*) is an exact sequence of 

pointed sets, and so is * — > [X, Y]* — > [L, Y]* at the base point g. 
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Ifg = * then (*) transforms as [S k A X,Y]« — > [S* AL,F]*^ [S^ 1 A 
(X/L),Y] t , — > 0, and similarly also (**). 

PROOF. Follows from (i) and (ii) of Proposition 1.1.1 by applying the long ho- 
motopy exact sequence of fibration together with the observation that irk (Fl , g) = 
^k(FL^C, g) for k ^ 1. For g constant apply adjunction nk ((Y, yo)^ L ' x °\ const yo ) = 

[s fc Ai,y]». □ 

Remark. If the function [X, Y]* — > [L, Y]* is naturally equivalent to a group 
morphism, the conclusion of Lemma 2.2.8 in case C is the path component of the 
constant map (and is open) implies it is an injection. 

COROLLARY 2.2.9. Let Y be an Eilenberg-MacLane space K(G,n), and let X 
be an arbitrary CW complex. If the path component C of the constant map in 
(Y, has CW type then there exists a finite subcomplex K of X such that for 

any L~^ K and every k with 1 ^ k ^ n — 1 the inclusion induced morphism 

(*) H k (X; G) — > H k (L; G) 

is injective. If in addition, C is open, then (*) is also injective for k = n. □ 

2.3. Counting path components 

Here we focus on the restrictions that we may impose on path components 
of a function space of CW type, an issue which is delicate since the set of path 
components in general does not carry a group structure. We begin with the case 
when it does. 

PROPOSITION 2.3.1. Let X and Y be CW complexes such that the space Y x 
has CW type. If either X is an H-cogroup or Y is an H -group, then for all large 
enough finite K, the functions 

7r ((F, - 7T ((y, and n (Y x ) -> n (Y K ) 

are injective. 

Proof. We prove the pointed version first. If Y is an ii-group then the con- 
travariant functor C(_, (L, *) (Y, *)( L '*) maps into the category of iJ-groups 
and if-morphisms, hence this case is an immediate consequence of Theorem 1.4.4. 

Assume that X is an _ff-cogroup and denote comultiplication v. X ^ X\l X 
and coinverse i: X — > X. The path component C of the constant map in (Y, 
is open and has CW type hence by Theorem 1.4.4 there exists a finite subcomplex 
K of X such that the fibre of 

(Y»(*'*) -> (Y»( L <*) 

contracts in C for every L K . In particular, if for some /: (X, *) — > (Y, *) and 
L ^ K the restriction /|l is nullhomotopic, then also / is nullhomotopic. 

The image v{K) is a compact subset of X V X, hence there exists a finite 
subcomplex L of X such that L ^ K and v{K) C L V L. 

Let M be a finite subcomplex that contains L. Let f,g: (X,*) — ► (F, *) be 
such that /|m and (/|m are homotopic. Then so also are f\h,g\h- Pick a (pointed) 
homotopy h: L x I — > Y", and define H : K x I ^ Y a,s follows 

(*) KxA(Lvi)x/ = Lxiu, x; Lx/^^yvr^y. 
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Then H equals the composite K ^> X ^ X \l X Y V Y Y , and i?i 

equals the composite K ^ X ^ X V X gV90 S y v y y. This is to say that i?o 
is the restriction of / — g to K and i?i is the restriction of g — g to K. Since g — g 
is nullhomotopic, so is H x . Thus (/ — g)\ K is nullhomotopic. But then / — g is also 
nullhomotopic which is to say that / and g are homotopic, using the TJ-cogroup 
structure. Thus 7r ((T, *) (x ^) -> 7r ((F, *)( M '*)) is injective for all M > L. 

The homotopy ladder with exact rows which is induced by the morphism of 
evaluation fibrations {Y x -> Y) -► (Y M -» F) implies that 7r (F x ) -» 7r (r M ) is 
injective. (See (i) of Lemma 2.3.3.) □ 

Definition. A space Y has finite homotopy groups (respectively of cardinality 
at most K^) if it has finitely many (respectively at most N,,) path components and 
the homotopy groups of each path component are finite (respectively at most K^). 

An n-ad (Y; B) has finite homotopy groups if Y and all possible intersections 
flj Bi have finite homotopy groups. 

Similarly, an n-ad (Y;B) has homotopy groups of cardinality at most tt v if Y 
and all possible intersections fljSj have homotopy groups of cardinality at most 

An n-ad (Y; B) is said to be an r-Postnikov section if Y and all possible inter- 
sections HiBi are r-Postnikov sections. 

Proposition 2.3.2. (i) Let (L; A) be an n-ad with L a finite complex. 

Let (Y;M) have finite homotopy groups (respectively of cardinality H^^). 
Then (y;B)( i;A ) has finite homotopy groups (respectively of cardinality 

(ii) Let (Y;M) be an r-Postnikov n-ad. Let (L';A) be an n-ad with V ar- 
bitrary. Suppose (L', L) is an adjunction of one cell of dimension d. If 
d ^ r + 1 then the restriction fibration 

(y ; B) (L ' ;A) -> (y ; B) (L;AnL) 

is a homotopy equivalence onto its image, and if d ^ r + 2, then it is also 
surjective. 

Lemma 2.3.3. (i) Let p: Y — > X be the principal fibration obtained by 

pulling back f : X — > B over the evaluation PB — > B. Assume b is the 
base point of B. Then there exists a left action of iri(B, bo) on 7r (F) 
such thatp#: ttq(Y) —> ttq(X) collapses precisely the orbits of this action. 
Moreover for g G tti(B, bo) and [y] £ tto(Y) we have g[y] = [y] if and only 
if there exists g £ iri(X,p(y)) such that f#{g) = g. 
(ii) Let E — > B be a fibration. If E and B have finite (resp. homotopy 
groups, then so has each fibre. Conversely, if B and all fibres of E — > B 
have finite (resp. tt v ) homotopy groups, then so has E. □ 

Proof of Proposition 2.3.2. Denote for convenience Y = B , L = A . 
Suppose L — {xi, . . . ,x r }, a finite discrete set. Let Kj denote the set of indices 
i for which Xj £ Ai. Then (y ; B)< L;A ) = n^=i ( n ie ^ B t ) which has finite (X v ) 
homotopy groups. 

Thus we can make an induction on the number of cells of dimension ^ 1. In 
other words, it suffices to prove the following. If (L';A) is an n-ad where V is 
obtained from a subcomplex L by attaching a cell e, and (y;B)( i;Ani ) has finite 
(H v ) homotopy groups, then so has (y;B)^ L ;A ). 
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Let xo be an appropriate point (not necessarily a 0-cell) in L'. Let J denote 
the set of j ^ for which xo G Aj . We can consider the fibration (see the remark 
after Lemma 2.1.1) 

(f) (Y;B)( L '' A > ^> (Y:B)^ Xa ^ An ^ = DjejBj = B" . 

By Lemma 2.3.3 it suffices to show that for any yo G B" the fibre of e over yo has 
finite (K^) homotopy groups. The fibre of (f) over yo is the space (Y, yo®M)( L ' x o© A ). 

Suppose xq G i. By inductive assumption and Lemma 2.3.3 also the space 
(y,y ©B) (i ' a:o ® Ani) has finite (H v ) homotopy groups. 

Let K denote the set of indices i ^ for which e C A i} and let A' = Cx^kAi. 
Let tp: S^ 1 -> A' n L < X be the attaching map, and $: B d -> A' ^ L' the 
characteristic map for e. Pick a base point G S"^ 1 and set a; = <^(Co)- Note 
that since e C A' , the set if is a subset of J. Thus j/o G Dj^jBj C D^KBi = B'. 

Consider the following diagram. 

(T^eBf^) (fl', tt) )^.-o) * # , (B'^o)^) 

(•) 

(y;yo©B)( L ^® Ani ) rc -^5V,yo) (A ' nL ' a:o) ~ ■ (B', yo) (5 "^ Co) 

The left-hand square is a pullback square by construction while the right-hand 
square is a pullback induced by the pushout diagram of the adjunction of e. By 
'horizontal composition', the large rectangle is also a pullback. This exhibits 

(t) (Y; yo © BJ^offiA) ^ (Y ; yo © B )(£,*o©AnL) 

as a principal fibration with fibre (B' , yoY 3 ' 1 ''' ^- By inductive hypothesis and an- 
other application of Lemma 2.3.3 we conclude the proof of (i). 
Consider the following morphism of fibrations over B" . 

(y ; B)(i';A) , (y ;B )(t;Ani) 




By Theorem 6.3 of Dold [8], the map (Y;B)( L ' ;A ) -> (Y;B)< L;AnL ) is a homotopy 
equivalence onto image if and only if for every yo G B" the induced map of fibres 
over y is a homotopy equivalence onto image. The induced map of fibres is (t.). 

Since d ^ r + 1 and B' is an r-Postnikov section, the space (B',y Y s 
is homotopy discrete. In particular, the path component of the constant map 
is contractible, and the pullback rectangle of diagram (•) implies that (t.) is a 
homotopy equivalence onto image. If d ^ r + 2 then (£>', yoY s is contractible 

hence ($) is surjective. This concludes the proof of (ii). □ 

The following is a very rough estimate which we do by simply counting. 

Proposition 2.3.4. Let (Y;B)( X;A ) have CW homotopy type. Assume that the 
homotopy groups ofY are of cardinality at most and that X has cells. Then 
(Y;B)( X;A ' has at most x tt n = N m ax{£,7)} path components. 
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In particular, if Y is a countable complex, then (Y;B)( X;A ) has at most path 
components. 

PROOF. Let JC be the set of finite subcomplexes of X. Note that the cardinality 
of K, is also % By Theorem 1.4.4 there exists for each [g] e [(X; A), (Y; B)] an 
element K — K(g) e K, such that the preimage of [gin] under [(X; A), (Y;B)] — > 
[(K; AnK), (Y; B)] is exactly [g]. By making a choice over all path components we 
define a function [(X; A), (Y;B)] — ► /C. Evidently for each K G K, the function 

$ _1 (-?0 ~* \{K;Ar\ K), (Y;M)] 

is an injection. By (i) of Proposition 2.3.2 the cardinality of <j> _1 (X) is at most H^. 
Since [(X; A), (Y; B)] = $ _1 (-?0, the assertion follows. □ 

Definition. For a topological space Z let Compon(Z) denote the quotient 
space of Z obtained by collapsing path components. 

Lemma 2.3.5. Let ■ ■ ■ — > Z3 Z2 Z\ be an inverse sequence of spaces 
of CW homotopy type, and let £ = {Q} be an element of the limit space Z^. If 
lim 1 7Ti(Zj, C,i) vanishes then Compon is homeomorphic to lim Compon Z^. 

Proof. For each j let py. Compon(Zj) — > Compon(Z J _i) denote the map 
induced by p 3 w Zj — > Zj_\. By assumption on lim 1 and Proposition 1.4.1 the 
natural function Compon(Z) — ► lim^ Compon(Z :( ) is a continuous bijection. We 
claim that it is a homeomorphism. Since the spaces Zj have CW type, the spaces 
Compon(Zj) are discrete and by a trivial induction we may construct left in- 
verses "dj : Compon(Zj ) — > Zj for the quotient maps qj\ Zj — > Compon(Zj) so 
that pj o dj — o p j for all j. The maps i9j then furnish a continuous map 
lim(ComponZ :) ) — > Z which we compose with the quotient Z — > Compon(Z) to 
obtain the desired inverse lim(Compon Zj) — > Compon(Z). □ 

Proposition 2.3.6. Let (X;A) be an n-ad where X is countable. Let (Y;B) 
be an n-ad with finite homotopy groups. If(Y;M)( x ^ has CW homotopy type, it 
has finitely many path components. 

Proof. Take any filtration L\ ^ L2 ^ ■ ■ ■ of finite subcomplexes for X 
(i.e. a countable cofinal subset of IC) and consider the associated inverse sequence 
Zj = (Y;B)( L r< AnL i). Denote also Z = (Y;B)( X;A ). By Proposition 1.4.4 and 
Lemma 2.3.5 ComponZ is homeomorphic to lim Compon Z } ■. Since the Zj have 
CW homotopy types, the spaces Compon Zj are discrete, and by (i) of Proposi- 
tion 2.3.2 they are finite. Hence the limit space is compact. Since it is discrete by 
assumption, it must be finite. □ 

2.4. Phantom maps 

If a path component of a function space has CW type and is open then it does 
not form a nontrivial phantom pair by Theorem 1.4.4. Indeed, Theorem 1.4.4 says 
much more but we will apply it in full strength in later chapters. Here we list a few 
classical examples of function spaces with phantom maps which are consequently 
examples of function spaces not of CW type. We make a brief introduction to phan- 
tom maps so as to identify them with our previously defined concept of phantom 
path components from section 1.4. The reader is invited to consult McGibbon's 
survey article [36] on phantom maps for a comprehensive treatment. 
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A (pointed) map / : A — > Y between CW complexes is called a phantom map 
if the restriction f\x ■ K — > Y to any finite subcomplcx K of A is nullhomotopic. 
This may be restated in the following homotopy invariant manner as (cf. Roitberg 
[50]) 

Definition. A pointed map /: X — > Y between connected CW complexes 
is a phantom map with respect to the class JC of finite connected CW complexes 

if for any W £ K and any map j : W — > X the composition W — > A — * Y is 
nullhomotopic. 

This definition agrees with that studied by, for example, Meier [39] and Zabrod- 
sky [65]. The other standard definition (see McGibbon [36]) takes instead of K, the 
class of all finite dimensional spaces. 

For investigations involving the compact open topology, it is natural to consider 
phantom maps with respect to K. It is convenient to generalize the concept to 
functions between n-ads as follows. 

Definition. Let A be a CW complex and let Y have CW type. Further let 
A e Sx and B e Sy. We say that maps /, g: (A; A) — ► (Y;B) form a phantom 
pair if for every finite subcomplex A of A the restrictions f\x, g\x are homotopic 
as maps (A; A n A) — > (Y; B). This is to say that the restrictions f\x, g\x belong 
to the same path component of the function space (Y; M)( K ' AnK \ 

The definition depends only on the path components of the maps involved, 
whence 

Lemma 2.4.1. If two maps f, g form a phantom pair then their path components 
form a phantom pair of path components as defined in section 1.4, with respect 
to the inverse system { (Y; B)( i;Ani ) \L} indexed by the regular lattice X of all 
subcomplexes of X with set of compact elements K, the subset of finite subcomplexes. 

□ 

As before we denote by Ph[g] the set of phantom components that form a 
phantom pair with the path component [g] of g: (A; A) — > (Y;B). Denoting the 
natural function 

*: 7r ((Y;B)^ A )) - lun7r ((Y; B)^ AnK )) 

it is clear that f _1 (*Lg]) = Ph[g}. 

Proposition 2.4.2. Let X be a countable CW complex. Let (A; A) be a CW 
n-ad and let (Y;B) have the type of a CW n-ad. Let L\ < L 2 < L 3 ^ . . . be a 
filtration of finite subcomplexes for X . Let g: (A; A) — > (Y;B) be a map of n-ads. 
Then the following natural identification can be made 

Ph[g] = lim 1 7r 1 ((Y;B)( L - Ani ^, ff | L3 ). 

PROOF. Follows directly from Proposition 1.4.1. □ 

Example 5. Let m < n. We consider the space of maps M(Z[-],m) — > 
K{1,n). 

(i) The space K(Z,n) M( - Z ^' m " > has the weak homotopy type of a product 
A(Z p /Z, n — m — l)x K(Z,n), but does not have the type of a CW complex. 
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In particular, for m = n — 1 the space in question has uncountably 
many homotopy equivalent path components that have the weak homotopy 
type of K(Z,n) but do not have CW homotopy type. 

(ii) The space (K(Z,n),*)( M{Z[ ^- m) '*) of pointed maps has the weak homo- 
topy type of a K(Z p /Z, n — m — 1) but does not have CW homotopy type. 

In particular, for m = n — 1, the space in question has uncountably 
many homotopy equivalent path components that are weakly contractible 
but not contractible. 

If we take for M(Z[^],m) the usual telescoping construction (see for example 
Hatcher [26], %3.F) and denote the finite stages of the telescope by Lk, say, then 
it can be easily verified that the sequence {Tr n _ m (K(Z,n) Lk ) \ k] fails to be Mittag- 
Leffler. 

In case m = n — 1 this implies the existence of phantom components. In 
particular, the space of pointed maps has weakly contractible path components none 
of which has the homotopy type of a CW complex. The path components are those 
of an H-group and hence homotopy equivalent. See Proposition 3.3.1 for a detailed 
proof of a more general result. 

Here we focus on a more geometric representation of case m = n — 1. First 
consider the short exact sequence — > Z — > Z[i] — ► Z p °o — > 0. This we can realize 
as a cofibration sequence 

(*) S"- 1 ^ M(Z[i],n- 1) ^ M(Zpoo,n- 1). 

Suppose we construct M(Z[-],n — 1) as the reduced mapping telescope of the se- 
quence 

(**) s"- 1 ^ s™- 1 2* .... 

The first stage of the telescope L\ may be identified with the sphere S n ~ x and the 
map ip: S n ^ 1 — ► M(Z[-],n — 1) is then also a degree p map S 1 ™ -1 — > L\ composed 
by the inclusion into the telescope. 

Set Y = K(Z,n). The associated fibrations (Y,*) (L ^ (Y, may be 

identified as fl n ~ 1 K(Z,n) ^> Q n ~ 1 K(Z, n) where p denotes the H-group p-th power 
map. An application of Proposition 1.2.1 yields a homotopy equivalence 

(K(Z,n),*i M{ ^- n -V>*) ^ Tp 

where T p denotes thep-adic solenoid of Example 2 on page 16. Moreover the induced 
map 

V * : {Y, *)( M W$],n-i),*) ^ ( y 5 *)(S n "\*) 

may be identified with the canonical projection T p — > S 1 . 
By Lemma 0.0.8 the restriction fibration 

(Y, *)( m ( z p~ >«-!).*) _> (Y^\(M(Z.[^],n-l),*) 

is the principal fibration obtained by taking the homotopy fibre ofip#. Since T p — > S 1 
is a fibration, (Y, *)( m ( z p oc i s homotopy equivalent to the fibre of T p — ► S 1 , 

the group Z p of p-adic integers with its profinite topology. 

Thus while (Y, ^ M ^p^-' n ^ 1 ^*'> ~ T p has uncountably many weakly contractible 
path components none of which is contractible, (Y, *)( m ( z p°° ■ n - 1 )-*) ~ Z p has every 
finite set of path components (homotopy) discrete, contains countable sets of path 
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components which are not homotopy discrete (hence not of CW type), and countable 
sets of path components which are homotopy discrete (hence of CW type). □ 

We apply Theorem 1.4.4 to give an alternative proof of a theorem of Meier [39]. 

Corollary 2.4.3 (Theorem 2. (a) of Meier [39]). Let X be a nilpotent CW 
complex of finite type. If there exists an integer n such that Hi(X) = for i > n+ 1 
then the natural function [X,Y] t — > lim[/T, Y]* is bijective. Here K ranges over the 
finite subcomplexes of X . 

PROOF. The hypotheses on X imply that X is dominated by a finite complex 
L (see Mislin [44]). Hence Y x and (Y, *)( X '*' have CW type by Corollary 0.0.4. 
By Theorem 1.4.4 the space (Y, *)( X '*) does not have phantom path components, 
and the result follows. □ 

Function spaces with essential phantom maps exist in abundance. In particu- 
lar, we recall the following Zabrodsky's generalization of Miller's theorem on the 
Sullivan conjecture. 

Theorem (Zabrodsky [65]). Let X and Y be nilpotent connected CW com- 
plexes of finite type with finite fundamental groups. If X is a Postnikov space, or 
an iterated suspension of such a space, and if Y has the homotopy type of a fi- 
nite complex, or an iterated loop space of such a space, then all maps X — > Y are 
phantom maps. □ 

The following is a trivial consequence. 

Corollary 2.4.4 (of Zabrodsky's theorem and Theorem 1.4.4). Let X and Y 
be nilpotent connected CW complexes of finite type with finite fundamental groups. 
Assume that X is a Postnikov space, or an iterated suspension of such a space, and 
that Y has the homotopy type of a finite complex, or an iterated loop space of such 
a space. 

Then if the space (Y, *)( X '*' is not contractible, it does not have the homotopy 
type of a CW complex. Consequently the space Y x has CW type if and only if the 
evaluation Y x — > Y is a homotopy equivalence. 

Proof. Let (Y, have the homotopy type of a CW complex that is not 

contractible, and let k denote the least nonnegative integer for which 7Tfc((Y, *)( x <*\ *) 
is non-trivial. Since iterated loop spaces of CW type spaces have CW type, the 
space Z = Q fe ((Y, *)(*•*),*) w (Q fe Y, *)(*•*) has CW type. By Zabrodsky's the- 
orem, every map in Z is a phantom map, and since Z is not path-connected, it 
contains an essential phantom map, a contradiction. □ 

Example 6. The space of (pointed) maps K(Z,2n) -> S 2n+1 has Ext(Q,Z) 
phantom components and does not have CW homotopy type. □ 

If X is a Postnikov section and Y is a simply connected finite complex, then 
Zabrodsky's theorem conveniently implies that the function space (Y, *)( X '*) cannot 
have CW homotopy type - if it has a nontrivial homotopy group. 

If (Y, *y x '*'> is weakly contractible, then we cannot say whether it has CW 
homotopy type or not. In particular, this is the case with 'Miller function spaces' 
(Y, *)(- K '( G > 1 )'*) for a locally finite group G and a finite dimensional complex Y. 
We conjecture that these spaces do not have CW homotopy type, having in mind 
the following observation. Let L\ ^ L2 ^ . . . be a filtration for X = K(G,1). 
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If (Y, is contractible, then Corollary 1.2.7 yields a subsequence \i} 

such that for each i the restriction fibration (QY, *)( i »=< i +i)^) — > (f2Y, ^(-^M'*) is 
nullhomotopic. In particular, the induced morphisms on homotopy groups are all 
trivial. By adjunction, this means that the morphisms 

[S k AL v(j+1)) y]. -> [S fe M, (i) ,F], 

are trivial for all fc ^ 1. 

However, refining Miller's proof of the Sullivan conjecture for the case X = 
MP 00 , Lcsh [31] exhibits a function j(k,i), going to infinity with k, such that 
[S k RP j ^\ Y% -> [5 fe RP i , Y]* is trivial. The nature of dependence of j on k gives 
reason to believe that this cannot be done uniformly with respect to k. 

2.5. Spaces of maps into Postnikov n-ads 

Theorem 2.5.1. Let (Y,B) be an r -Postnikov n-ad and let (X,A) be a CW 
n-ad. Let g: (X;A) — > (Y;B) be a map. 

Let for a subcomplex L of X the symbol Fl denote the fibre of the restriction 
fibration (F;B)( X;A ) -> (Y~;B)( i;Ani ) over g\ L . 

The path component Z o/(Y;B)( X;A ) containing g is open in (Y~;B)( X;A ) and 
has CW homotopy type if and only if for each finite subcomplex L there exists 
a larger finite subcomplex L' such that the inclusion Fl* Fl induces trivial 
morphisms on all homotopy groups. 

Remark. Let JC denote the set of finite subcomplexes of X, and let X denote 
the subset of JC consisting of those finite subcomplexes L for which the restriction 
induced morphism 

n k ((Y;M)^ A \g) - n k ((Y;M)^ AnL \ g\ L ) 

is injective for all k ^ (for k = in the usual sense). 

The condition in the theorem is then equivalent to the following two. 

(i) X is cofinal in JC, and 

(ii) for each L in JC there exists a larger L' E JC such that for any subcomplex 
M of X containing L' and any k ^ 1, the image of 

7r k ((Y;M)( M ^ M \g\ M ) 7r k ((Y;M)^ L \ g\ L ) 

coincides with that of 

n k ((Y;MY L '^ L '\g\ L ,) - n k ((Y;M)^ L \ g\ L ) . 

Note that if X is cofinal in JC, this implies that Z is open. 

PROOF. The necessity part is clear by Theorem 1.4.4; we have to prove suffi- 
ciency. 

Let L be a countable subcomplex of X and let K\ ^ Ki ^ . . . be a filtration 
for L of finite subcomplexes. There exists a sequence of finite subcomplexes of X 

L\ < Li < L 3 ^ . . . 

such that L\ 6 X (hence X, € X for all i), Li if^, and for each i, the im- 
age of n k ((Y;M)^ AnL ^,g\ Li ) -» ^((Y;!)^- 1 ^- 1 ), f^.J equals that of 
^((y;B)( M ; AnM ), 5 | M ) - ^((y;B)( L -^ Ani -i), 5 | Li _ 1 ) for any M containing 
(including infinite M). In particular n^FL^g) — > ir if (FL i _ 1 , g) is trivial. 
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Let Loo = UiU. Note that the fibre of (Y;B)( X;A ) -> (Y; B)( L ~; Ani ~) ovcr 
fflioo is weakly contractible. In particular, it is path-connected and is equal to the 
fibre of Z — > Z^ where Z^ is the image of Z . Let denote the path component 
of g\ Lt in (Y;M)( Li '' AnLi \ By Theorem 1.5.1 the space ^{Z^) has the homotopy 
type of a CW complex. But is a countable complex, hence the natural map 
j?((Y;B)( i °° ;AnL ~)) -> (y ; B)( L ~ ;Ani °°) is a homotopy equivalence (see Lemma 3.4 
of [56]). Since compactly generated refinement preserves path components and 
inclusions, also the natural map A^Z^) — > Z^ is a homotopy equivalence. In 
particular, Z^ has CW homotopy type. By Theorem 2.2.6, Z has CW homotopy 
type. □ 

For countable domain complexes X the statement of Theorem 2.5.1 can be 
somewhat simplified. 

Corollary 2.5.2. Let (X;A) be a CW n-ad with X countable and let (Y;B) 
be an arbitrary Postnikov CW n-ad. Let L± ^ L2 ^ ■ ■ ■ be a filtration of finite 
subcomplexes for X . Further let C be the path component of some g £ (Y;B)( X;A ). 

Then C is open and has CW type if and only if 

(i) for each k ^ 1 the sequence {7Tfc((Y;B)( L<;AnL< ), g\L t ) \i} satisfies the 

Mittag-Leffler condition, and 
(ii) there exists j ^ such that for each k ^ (for k = in the usual sense) 
the 'morphism' TT k ({Y;W)( x < h \g) -> TT k ({Y;W)^ L ^ hnL ^ , g\ L] ) is injective. 

In particular, C is contractible if and only if for each k ^ 1 and each i ^ 1 there 
exists s(i) such that TT k ((Y;V)( L ^ AnL ^\ g\ Ls{t) ) -» n k ((Y;M)( L " AnL >\ g\ Li ) is 
trivial, and, in addition, exists j such that [(X; A), (Y; B)] — > [(Lj; A n Lj), (Y; B)] 
is 'injective' at the base point g. □ 

Corollary 2.5.3. If X and Y are countable CW complexes and Y has only 
finitely many nontrivial homotopy groups then (Y, is contractible if and only 

if it is weakly contractible. 

Proof. Let L\ ^ L2 ^ . . . be a filtration of finite subcomplexes for X. By 
(i) of Lemma 2.3.2 the spaces (Y, *)( Li> *) have countable homotopy groups. By 
Proposition 1.4.1 the groups lim 1 -K k ((Y, *) vanish for all k 1, hence by 

Proposition 1.4.2 the sequences {n k ((Y, *)( Li '*', *) | z} satisfy the Mittag-Leffler 
condition. □ 

Corollary 2.5.3 is in sharp contrast with the case of general Y, see Example 8 
on page 45. 



2.6. General constructions of function spaces of CW type 

Proposition 2.6.1. Let (Y;B) be an r -Postnikov n-ad, and let (X;A) be a 
CW n-ad. Let T be a subcomplex of X . If the pair (X,T) has relative dimension 
^ r + 1 (i.e. every cell in X — T has dimension at least r + 1), then the fibration 

(.) (Y;B)( X;A ) - (Y;B)( T;AnT ) 

is a homotopy equivalence onto image. In particular, this is true for T — X^ r \ 

If (X,T) has relative dimension ^ r + 2, then the fibration (•) is a homotopy 
equivalence. In particular, T may be X^ r+1 K 
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PROOF. Let {L\ | A e Lu^a)} be a good filtration for the pair (X, T) with each 
consecutive step the adjunction of a single cell. Set Z\ — (Y;MY Lx:AnLx K Then 
{Z\ | A} is a restricted inverse systems of fibrations indexed by W(a). The limit 
space of this system is (Y;M)( X ' A > = Z. For each A denote by C\ the image of Z 
under Z — > Z\. By (ii) of Proposition 2.3.2 for each A the fibration Z\ + \ — > Z\ is 
a homotopy equivalence onto image. Hence C\+i — > C\ is a homotopy equivalence. 
By (ii) of Lemma 1.3.8 the system {C\ | A} is a system of homotopy equivalences 
with limit Z. In particular Z — > Co is a homotopy equivalence, and Co is the image 
of the map (•). 

If (X, T) is an adjunction of cells of dimension ^ r + 2, then each Z\ + i — > 
is a homotopy equivalence, and the assertion follows. □ 

Corollary 2.6.2. Given the hypothesis of Proposition 2.6.1, if (Y; B)( T;AnT ) 
has CW type then so has (Y; M)( x ;A ) . In particular, if the r-skeleton X^ of X is 
finite, we may take T — X^ r \ □ 

Proposition 2.6.3. Let X be a simply connected, and Y an arbitrary CW 
complex. Assume that for each m the function space (Y, *)( M C H ">(-X'),m),*) has CW 
type. Then (Y, has CW type in the following three cases. 

(i) The complex X is finite dimensional. 

(ii) The complex Y has finitely many nontrivial homotopy groups. 

(iii) The spaces (Y, *)(M(H m (x),m),*) are contr actible for all m. 

PROOF. By possibly replacing X with a homotopy equivalent complex we may 
assume a homology decomposition for X, i.e. a filtration of subcomplexcs X 2 
X3 ^ X 4 < . . . where X 2 is of type M(H 2 (X), 2) and for each i ^ 3 the subcomplex 
Xi is the mapping cone of a (based) cellular map M(Hi(X),i — 1) — ► Aij_i. (For a 
particular choice of homology decomposition see Chapter 4.) 

Note that (i) implies (ii) since by Proposition 2.6.1 the fibrations (Y, *)( Xi >*) — > 
(Yi *)C- x "*-i>*) are homotopy equivalences for all large enough i, and we may apply 
Corollary 1.2.2. 

We prove by induction that the space (Y, has CW type for each i. The 

basis i = 2 holds trivially. Assume that (Y,yo)( Xi ~ 1 ' x °'* has CW type. 

By Corollary 0.0.8 the fibration R : (F, y ) (Xi ' Xo) -> (Y, y )( x ^< x °) is a princi- 
pal fibration with fibres either empty or homotopy equivalent to (Y, y )( M ( HiX ' 4 )**). 
The latter has CW type by assumption, and therefore (Y, *)( Xi '*) has CW type by 
Stasheff's theorem. 

If X is finite-dimensional then X = Xjs; for some N and (i) follows. In case 
the spaces (Y, *)( M (- ff *( x )'*)'*) are contractible for all i, the above induction shows 
that also the spaces (Y, *)( Xi <*) are contractible for all i, hence (iii) follows from 
Proposition 1.2.4. □ 

Proposition 2.6.3 has the dual 

Proposition 2.6.4. Let Y N — > Yjv-1 — > • • • — ► ^2 — > Y x be a sequence of 
fibrations where Y\ — K(G\,n\) with G\ abelian and for each i ^ 2 the fibration 
Yi — > 3^_i is a principal fibration obtained by taking the homotopy fibre of a pointed 
map (Yi_i,yj_i) — » (K(Gi,ni + 1),*) of well-pointed spaces (where d is abelian). 
Let (X, xq) be an arbitrary pointed CW complex. 

If for each i the space K(Gi, ni) x has the homotopy type of a CW complex then 
so has the space Yj$ . 
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PROOF. By Lemma A.0.1 and Proposition A. 0.2 the map (Y l ,y l )^ X ' x< ^ — > 
(li-i, Ui-i)( x ' x °^ is a principal fibration with fibres either empty or homotopy 
equivalent to (K (Gi, ni), which has CW homotopy type by hypothesis. 

Hence we may proceed inductively using Stasheff's theorem, the basis of the induc- 
tion holding trivially. □ 

Corollary 2.6.5. If Y is a simply connected CW complex with iTk(Y) = for 
all k n + 1 and X is a CW complex such that the space K(iTiY, i) x has CW type 
for each i, then also the space Y x has CW type. □ 



CHAPTER 3 



Localization 

3.1. A genuine Zabrodsky lemma 

In this section our aim is to prove 

Proposition 3.1.1. Let E — > B be a fibration with fibre F where B has the 
homotopy type of a connected CW complex. Assume that E as well as F have the 
homotopy type of compactly generated Hausdorff spaces, and let X be a Hausdorff 
space. If the section A — > X F is a homotopy equivalence, then so is X B — ► X E . 

Remark. The condition on E and F is fulfilled for example if E has CW 
homotopy type. 

Let y be a base point of F. Since the evaluation map X F — ► X, f i— > f(yo), is 
a left inverse for the section X — > X F , one of the maps is a homotopy equivalence if 
and only if the other is. If y is a nondcgcnerate base point in F, then the evaluation 
at j/o is a fibration. In this case by Theorem 6.3 of Dold [8] for any path-connected 
Dold space X (in particular any connected space of CW type) 

(i) (X, *)( F '*) is contractible if and only if the evaluation X F — > X is a 

homotopy equivalence, and also 
(ii) X B X E is an equivalence if and only if (X, *) (S '* } (A, is. 

In 'most' cases we may assume that F has a nondcgcnerate base point. Notably, if 
(Y,yo) (B,bo) is a map of well-pointed spaces, then the base point (yo, constf, ) 
is nondegenerate in the homotopy fibre of g (formed as a subspacc of Y x B 1 ). 

The proposition analogous to 3.1.1 that assumes weak contractibility, and infers 
weak homotopy equivalence is known as 'the Zabrodsky lemma' (see Miller [40], §9 
or McGibbon [36], Lemma 5.5). 

Our proof of Proposition 3.1.1 is essentially that of Lemma 1.5 of Zabrodsky 
[66] modulo some care about genuine homotopy type; whence our name. 

Proof of Proposition 3.1.1. There exists a homotopy equivalence B' B 
where B' is a simplicial complex. Consider the diagram 

&(E') ► E' — E 

p 



The square above is a pullback, and by Corollary 1.4 of Brown, Heath [3] the map 
f:E'^>E\s an equivalence. The map M.(E') — > E' is the natural map from the 
compactly generated refinement, and p: R(E') — > B' is a fibration for the class of 
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compactly generated Hausdorff spaces. Since E' has the homotopy type of one, 
&(E') — > E' is an equivalence. For each bo G B' the induced map on fibres over bo 
in &(£") and £" is exactly the natural map &(F) —> F, where F is the fibre in E'. 

Using the mapping space functor and applying Proposition 0.0.2 it suffices 
to prove Lemma 3.1.2 below. □ 

Lemma 3.1.2. Let B be a connected simplicial complex, let E be a compactly 
generated Hausdorff space, and let X be a Hausdorff space. Let p: E — > B be a 
fibration for the class of compactly generated Hausdorff, and let F be a fibre. If the 
map X — > X F is a homotopy equivalence, so is the map X B — > X E . 

Remark. For compactly generated spaces E and B let p : E — » B be a fibration 
for the class of compactly generated spaces. Note that the following hold. 

(i) If A <^-> B is a closed cofibration, so is E\a 

(ii) If B is a compact contractible space then E is fibre homotopy equivalent 

to the trivial space B x F where F is the fibre, 
(iii) Fibres over points in the same path component are homotopy equivalent. 

The standard proofs for Hurewicz fibrations carry over because, given our assump- 
tions, in each particular case the homotopy lifting property is applied to compactly 
generated spaces. (Notably for (i) see Str0m [69], Theorem 12.) 

Proof. Let B be the set of subcomplexes of B. By Lemma 2.1.4 there exists 
a limit ordinal a and an order preserving injection U : W(a) — > B such that for a 
limiting \i < a, U(p) = Ua< m £^(A). Moreover \J\ <a U{\) — B, and we may assume 
that U(X + 1) = U(X) U <t\ where a\ is a simplex, for each A. Clearly U(Q) is a 
0-simplex. We write B\ = U(X), and set E\ = p^ 1 (B\). Let A < A'. Since B\ is 
cofibered in By, also E\ is cofibered in E\i. (See the above remark.) Since the 
system {B\ | A} dominates compact subsets of B, also {E\ | A} dominates compact 
subsets of E. Since E and B are compactly generated, the systems [X Bx \ A} and 
{X Ex | A} are restricted inverse systems of fibrations with limit spaces, respectively, 
X E and X B , and the map p* : X B -> X E is the limit of maps p\ : X B * 

In light of Corollary 1.3.4 it is therefore enough to prove the following. Suppose 
L and L' are subcomplexes of B such that V — L U a where a is a simplex. If 
X L ^ X E \ L \s a, homotopy equivalence, then so is X L — > X E ^ L ' . 

Note = E\l U ii'ler. Since ct is contractible, there exists a fibre homotopy 
equivalence a x F — > (over cr). In particular this equivalence restricts to a 
(fibre) homotopy equivalence <9cr x F — > i?|a<T- 

Thus there exists the following commutative diagram. 



X E \i 



X E\ a 



X 



axF 



X 



L' 



x a 



X E\ £ 
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Since a x F — > E\ a is a map over a, the composite X a — > — > X° xF is 

induced by projection ct x F — > cr. Similarly for the composite X a<T — > X £ l a " — ► 

Since the projection induced maps X CT — > X (TXF , respectively X da — ► X daxF , 
are homotopy equivalences, so are the maps X CT — ► X- E l°', respectively X a<J — > 
By assumption, X L — > Jf- E l i is a homotopy equivalence. The cube in the 
diagram is a morphism of pullback diagrams with vertical arrows fibrations, so by 
coglueing homotopy equivalences [3] also the map (of pullback spaces) X L — > X E ^ L ' 
is a homotopy equivalence. 

(We note that expressing the sphere S n as the union of two disks meeting in 
a common boundary it follows by a similar finite inductive argument that X s " — > 
X s " xF is a homotopy equivalence for all n.) □ 

We immediately infer 

Corollary 3.1.3. Assume Y is a connected CW complex, and X is a con- 
nected CW complex. If (Y, is contractible, so is (Y, □ 



3.2. Local target complex 

In the theory of homotopy localization with respect to a map (see Dror Farjoun 
[10]) function spaces play a central role. Given a map of CW complexes / : A — > B, 
a CW complex Y is called /-local if the induced map Y B — ► Y A is a weak homotopy 
equivalence. In particular, in case / is the map W — > * then /-local CW complexes 
Y are called W-null. 

There exist the notions of strongly /-local and strongly W-null obtained by 
replacing weak homotopy equivalence above for genuine homotopy equivalence. It 
would be of some importance in homotopy theory to be able to characterize the 
difference between /-local and strongly /-local (see V. Halperin [25]). However, 
this seems to be a difficult task in general. 

In Section 3.3 below (see Theorem 3.3.8 and Example 8 on page 45) we exhibit 
pairs Y, W such that Y is weakly W-null but not strongly W-null. 

For any map / : A — > B there exists a 'localization functor' Lf, that is a 
homotopy idempotent functor equipped with a natural transformation Id — > Lf so 
that for every space X of CW type the map X — > LfX is a homotopically universal 
map to /-local spaces. 

If Y is an /-local space then the natural map X — > LfX induces a weak 
homotopy equivalence (see [10]) 

(*) Y L i x Y x . 

So a problem related to the one above would be to investigate when the map (*) 
is a genuine equivalence. We show below that this is the case for localization with 
respect to a set of primes which is a particular case of localization with respect to 
a map (see [10]). 

Our basic reference for localization with respect to a set of primes is Hilton, 
Mislin, Roitberg [27]. 

If P is a set of primes then 

Z(p) = {f | prime divisors of b belong to the complement of P} ^ Q. 
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For an abelian group A we will denote ^.(p) = A ® Z(p) the localization of A at the 
set P (or just A( p ) in case of a single prime P = {p}), and for a (nilpotent) CW 
complex X we will denote by -XVp) the localization of X at the set P. 

Theorem 3.2.1. Let P be a set of primes and let X be a simply connected CW 
complex. Let Y be a P-local complex. Then the map (Y, *)( x (p)>*) — > (Y, *)( x <*) 
induced by localization X — > -X^(p) is a homotopy equivalence. 

We list first a few corollaries and an example, and later prove the theorem. 

Corollary 3.2.2. Let P = Pi U P2 &e a partition of the primes. Let X and Y 
be simply connected CW complexes. There exists a pullback square 

( y *)(*,*) ► (K (ft) ,*)<*<^'*> 



(r (Pl) ,*)( x <-i)'*) ► (y (0) ,*)(*<°»*) 

Proof. We construct the square by first constructing a rationalization Y/ ) 
(which we may assume to be a CW complex), followed by localizations Yi Pl \, 
Y(p 2 ) so that the maps Y/ p a — > F( ) are fibrations. The topological pullback V 
of i^pj) — > V(o) ^(p 2 ) i s then homotopy equivalent to Y, and (V, is the 

pullback of (y (Pl) , *)(*>*) -» (y (0) , *)(*'*) <- (y ( p 2) , *)(*•*) (see Lemma A.0.1). The 
resulting diagram is one of fibrations by Proposition A. 0.2, and an application of 
Theorem 3.2.1 to its nodes proves the assertion. □ 

Corollary 3.2.3. Let X be a simply connected CW complex with torsion ho- 
mology iJ*. 

(i) For any partition of the primes P = Pi U P2 , the space of pointed maps 
(Y, is homotopy equivalent to the product 

Ln particular if Y x has CW homotopy type, so has the space \Y( p )] x = 

P / (p)] X(p) f or an y P r ^ me P- 
(ii) If 'in fact the homology H*(X) is P -torsion for some PcP, the restriction 
map (Y, *y x '*'> — > (Y(p), is a homotopy equivalence. 

PROOF. If H*(X) is torsion, the rationalization Xr ) is contractible. In partic- 
ular, if H*{X) is P-torsion then already X(p\p) is contractible. Our assertions now 
follow from Corollary 3.2.2, Proposition 0.0.2, and the coglueing theorem (Brown, 
Heath [3].) □ 

It is natural to ask for some kind of converse to (i) above. The following 
example shows it is not possible. 

Example 7. Set X = W p£r M(Z p ,p) and let Y be a CW complex with ir p 2 (Y) = 
Z p for p G P and iTk(Y) = for k ^ P. The localization Yr p \ at each prime p is 
an Eilenberg-MacLane space K(Z p ,p 2 ), hence has the homotopy type of a CW 
complex by Proposition 2.6.1. 

However, since 

(y )# )(M(z P)P ),*) ls not con t r actible for any p, Y x does not have 
the homotopy type of a CW complex, by Lemma 2.1.6. □ 
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The rest of this section is devoted to the proof of Theorem 3.2.1. 

Proposition 3.2.4. Let P = PUP' be a partition of the primes with P' ^ and 
let X be a simply connected CW complex with H*(X) torsion P' -primary. Further 
letY be a P-local complex. Then (Y, is contractible. 

Lemma 3.2.5. Proposition 3.2.4 holds for countable CW complexes X . 

Proof. In light of Proposition 2.6.3 it is enough to prove the special case 
X = M(A,m) where A is a P'-torsion group and m ^ 2. Since A is a count- 
able torsion group, its g-primary components are totally g-projective (see [21]), 
and consequently A is the union of a possibly infinite ascending sequence of finite 
subgroups A ^ A\ < ... where A n = Z qo and Ai/Ai_\ = 7L qi where Qi e P' 
for each i. Then X may be obtained as the union of an ascending sequence of 
subcomplexes M(Ao,m) ^ M{A\,m) ^ .... Consequently (Y, *)( X '*) is the limit 
of Since the fibre of (Y, ^ (y, ^(M(A t ^,*),*) Qver the 

constant map is (Y, *)( M ( z 9i> TO )>*) it suffices for a proof by induction to prove that 
(Y, *)(M(z„m),*) ig contract ible for each q <= P'. Since Y is P-local, (Y, *)( M ( Z *>™)'*) 
is weakly contractible. But M(Z q , m) is a finite complex, and hence (Y, *)( M ( z <!< m ).*) 
has CW type by Milnor's theorem. □ 

PROOF of Proposition 3.2.4. Let be a countable subcomplex of X. By 
Lemma 2.2.4 and Lemma 1.3.11 (see also the proof of Theorem 2.2.5) there exists 
a countable subcomplex of X containing K x such that the inclusion induced 
morphism 

H*(Loo) — ► H*{X) 

is injective. In particular, if* (Loo) is torsion P'-primary. By Lemma 3.2.5 the space 
(Y, *)( L ~<*) is contractible. By Corollary 2.2.7, also (Y, *)( x <*) is contractible. □ 

Proof of Theorem 3.2.1. Let F denote the homotopy fibre of the localiza- 
tion map X — > Xrpy Then F is a connected space of CW type with homotopy 
groups 7r*(F) abelian torsion P'-primary. Moreover it = tt\{F) is divisible. Let 
f: F —> K(tt,1) denote a map inducing the identity on the fundamental group, 
and let p: F — > F be the homotopy fibre of /. Then P has the homotopy type 
of a simply connected CW complex with torsion P'-primary homotopy groups. 
Since these form a Serre class, also H*(F) is P'-primary torsion. Then by Proposi- 
tion 3.2.4, the space (Y, *)( F '*) is contractible. (Note that F has nondegenerate base 
points.) By Proposition 3.1.1, the map (Y, *)( K ( 7r > 1 )>*) — > (Y, *)( F >*) is a homotopy 
equivalence. We claim that (Y, *)C K '( 7r > 1 )>*) is contractible. 

Since 7r is divisible P'-torsion, it is isomorphic to the direct sum of some copies 
of the quasicyclic groups Z g =c, for various q e P' . This is to say n is the direct 
sum of totally projective g-groups (for various q), and as such admits a composition 
series (see the discussion preceding Lemma 1.3.7 on page 9, and Fuchs [21]) 

N a < iVi < . . . < N x sC . . . (A < a) 

where the successive quotients N\ + i/N\ are cyclic of prime power q\ with q\ G P'. 

Using transfinitc construction we may represent K(ir, 1) as the colimit of a 
system of CW complexes {^(^Va, 1) | A < a}, where K(N\, 1) ^ K(N X+1 , 1) is a 
cofibration for each A, and for a limit ordinal \x < a the space K(N fl ,l) is the 
colimit of {K(N\, 1) | A < fi}. 
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By Corollary 1.3.4 it suffices to show that contractibility of (Y, McjW^*' 1 )'*) 
implies contractibility of (Y, i^Wm-i- 1 )'*). The extension ->• 7V A -> TVa+i -> 
Z 9 — > induces a fibration 

K(N\, 1) -» A-(JV A+ i, 1) - K(Z q , 1). 

If (Y,*)^^' 1 )'*) is contractiblc, the map (Y, *)( Ar ( z i' 1 )'*) -> (Y, *) W^+i.i),*) is 
a homotopy equivalence by Proposition 3.1.1. Since q belongs to P' , the space 
(Y, *) is contractible by Example 1 of [56]. □ 

3.3. Local domain complex and relation to the Moore conjecture 

Let K be the suspension of a finite complex and P a set of primes. The H- 
cogroup structure allows us to form a sequence 

(*) R^K^... 

where qi denotes -ff-cogroup multiplication. If {q{\ is a sequence of primes in 
P \ P with each member occurring infinitely many times, then the telescope of the 
sequence (*) is the P-localization of K . Then for a space Y the function space 
(Y, *y K ( p )>*) can be viewed as the inverse limit of 

► (y, *)(*■*) ^ (y, *)<*■*> ^ (y, *)<*■*> 

where now qi denotes the induced if-group multiplication by qt . This construction 
is particulary suitable for application of Theorem 1.4.4 and we do so in this section. 
For the particular case when K is a sphere, we obtain the following result. 

PROPOSITION 3.3.1. Let P = P U P' be a partition of the primes and let Y be 
a simply connected finite complex. Further let R be a set of primes with RC\P ^ 
and m a positive integer. 

(i) If the space {Ytm, ^^(J")'*) has the homotopy type of a CW complex then 
for k ^ 1 the homotopy groups n m +k(Y(Pr\R)) are finite abelian groups 
bounded by a common bound. Moreover, the loop space Q m+1 Y( PnR - ) 
has an H-space exponent, the space (Y(p nR ^,*)^ St .°y*' > is contractible and 

(Y(R), *) < " S<P ' ) ~ fl m Y' where Y' denotes the homotopy fibre of the lo- 
calization Y( fl ) — > Y( PnR - j . In particular, Y is an elliptic complex. 
(ii) //, in addition, the homology group H^iY) is infinite for some positive k, 

then P (~l R must be finite. 
(iii) Conversely, if for some I the space ^l l Y^ Pr]R ^ admits an H-space exponent, 

then (Y(^), *)' s ( p ')'*- ) has CW homotopy type, and is homotopy equivalent 
to fl l Y'. 

Recall that a simple space Z is said to have a homotopy exponent at prime p if 
there exists k such that p k annihilates the p-primary component of tti(Z) for all I. 

If Z is a homotopy associative H-space then Z is said to have an H-space (or 
geometric) exponent if there exists a number b such that the map b: Z — > Z, sending 
z to z b , is nullhomotopic. Note that if Z has H-space exponent 6, then also VtZ has 
H-space exponent b. 

We refer the reader to the survey article of Neisendorfer and Selick [48] for an 
introduction to (geometric) exponents in homotopy theory. 

A simply connected finite complex Y is elliptic if 7Tfc(Y) is torsion for all but 
finitely many k. Otherwise it is hyperbolic. See Felix, Halperin, Thomas [18]. 
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We will prove Proposition 3.3.1 as a corollary to the more general Theorem 3.3.8 
below. 

Example 8. The function space (S n , *)( M (Q< m )>*) does not have CW type for 
any m. In particular, for m > n the space is weakly contractible but not contractible. 
Thus for m > n the sphere S n is weakly M(Q,m)-null but not strongly so. 

Since Q((S n , *)( M (Q,™),*), *) » (^^jWQMi).*) the situation does not 'im- 
prove' after looping. □ 

Until the end of this section let X m denote the localization of the m-sphere 
away from p where p is a prime understood from the context. 

By exploiting results from the theory of homotopy exponents and H-space ex- 
ponents (see [48]) we give the following rather nontrivial 

Example 9. For all large enough m, the function space (S n ,*Y Xm '*^ has the 
homotopy type of a CW complex (and is homotopy equivalent to Q m X n ). 

This follows from the fact that CI SV p ^ has an H-space exponent for all large 
enough I (the case n even is due to James [28], the case n,p odd is due to Cohen, 
Moore, Neisendorfer [5], and the case n odd, p — 2 is attributed to an unpublished 
result of Moore). 

Let W denote the localization atp of the n-connected cover of S n . It was shown 
by Neisendorfer and Selick [48] that Q n ~ 3 W does not have an H-space exponent. 
However, Q n ~ 2 W does, see Neisendorfer [47]. 

In particular, the space (W, does not have the type of a CW complex, 

and the space (W,*) ( ~ Xn - 2 -* s ' does. □ 

As a consequence we infer 

PROPOSITION 3.3.2. Let Y be a rationally elliptic simply connected finite com- 
plex. For large enough m and almost all primes p the function space (Y, *)( Xm '*) 
has the homotopy type of a CW complex. 

PROOF. By McGibbon and Wilkerson [38] the loop space QY is p-equivalcnt 
to a finite product of spheres and loop spaces of spheres, for almost all primes p. 
Our assertion now follows from Proposition 3.3.1 in conjunction with Example 9 
on page 45. □ 

We recall the following conjecture due to John C. Moore (see Selick [54]). 

Conjecture 3.3.3 (Moore). Let Y be the localization atp of a simply connected 
finite complex. Then the following are equivalent. 

(1) There exists a number I such that Cl l Y has an H-space exponent. 

(2) The complex Y has a homotopy exponent. 

(3) The rational homotopy groups ir*(Y) (g> Q are totally finite-dimensional. 

This conjecture can now be rephrased in the following manner. 

CONJECTURE 3.3.4. Let Y be the localization at p of a simply connected finite 
complex. Then the following are equivalent. 

(1*) There exists a number m such that the function space 
homotopy type of a CW complex. 
(2) The complex Y has a homotopy exponent. 
(3*) There exists a number m such that the function space {Y, *)( Xm >*} is weakly 
contractible. 
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We turn to the proof of Proposition 3.3.1. 

Consider the space of maps Krm — > Y where if is a simply connected finite 
complex, P is a set of primes (possibly empty), and Y is any simply connected 
complex. Let P' = P \ P. 

Corollary 3.2.2 yields the pullback diagram 

(y, *)(*<*>■*> ► (y^),*)^'* 5 

{Y {PI) ,*)1 K «>)>*) ► (Y (0) ,^ K ^*) 

Note that reapplying Theorem 3.2.1 we deduce (Y (P) , *) (K (D>*) ~ (y (p)) *)(*» an d 
(Y(o), ~ (y(o), *)^'*^ whence by Milnor's theorem we infer 

Proposition 3.3.5. (i) T7ie space (y *)(•&>)>*) ftos CWfj/pe i/and onfo/ 

if the image of (Y,*)( K W) -> (y (p/) , *)(*>>.*) ~ (y (p/) , *)(*"co)>*) ftas. 

In particular, if Y is R-local where R is a set of primes contained in 
P, then (y *)( k (*p)>*) ftos CW homotopy type. 
(ii) 7/ y is a /oop space, i/ien (y, *)( K ( J ')'*) /ms CW type if and only if 
(V), *)<*<">•*> ~(y ( p ,*)^)'*) ftas. 

PROOF. Only (ii) needs be discussed. Suppose y ~ *). Let F be the 
homotopy fibre of Z — > Zt P i\, and F' the homotopy fibre of F — > Z. Then F' is 
homotopy equivalent to J7(Z( P /),*) ~ ypn, and F' — > F is a principal fibration 
with fibre homotopy equivalent to fl(Z, *) ~ y. Then 

(F',*)^)'*) -> (F, *) (K < P >^* ) 

is a (principal) fibration with fibre (over the constant map) homotopy equivalent 
to (y, *)(*>>>*). Note that F is F-local. Thus by Theorem 3.2.1, (F, *)( K ( p )<*) is 
homotopy equivalent to (F, *) (K '* ) which has CW type. Thus if (y *) (k (p)-*) has 
CW type, so has (F', *)( K c>'*) ~ (y (p;) , *)(*cp)>*), by Stasheff's theorem. □ 

COROLLARY 3.3.6. If(Yipi^, *)( K i°)>*) happens to be contractible, then the space 
(y *)( K ( p )'*) is homotopy equivalent to (Y tP , jk)^*) wftere y T p denotes the homo- 
topy fibre of the localization Y —> Y(p/y □ 

Lemma 3.3.7. Lei F and F oe sets of primes with and Zet y 6e a 

simply connected complex of finite type over Z( P ) ■ Further let A be a finite complex, 
and denote T — [SA, y]*. Le£ pi,p2, • ■ • &e a sequence of primes in P with each 
prime in P occurring infinitely many times. The limit group of the inverse sequence 

• • • — > T > r ► r is trivial. 

Proof. Since A is finite, [5-4, y]* = [54, y]* for some Postnikov section y of 
y. Using left-exactness of the functor lim and the fact that no clement of a finitely 
generated Z( P ) -module is infinitely divisible by a prime belonging to F n R C R, it 
follows easily by induction that [SA, y]» is trivial for all i. □ 

Before stating and proving Theorem 3.3.8 we recall some properties of abclian 
groups, which we will need to a larger extent in Section 4.3. We refer to Puchs 
[20], [21] for all results on abelian groups. 
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Let P be a set of primes and A an abelian group. Then A is called P-divisiblc 
if it is divisible by each prime belonging to P, i.e. if for each y £ A and p £ P 
there exists x £ A with px = y. If A is divisible by all primes, it is called a divisible 
group. Divisible abelian groups are exactly injective abelian groups. 

It is well known that every divisible group is isomorphic with a direct sum of 
some copies of the rationals Q and some copies of the quasicyclic groups Z p oo for 
various primes p, say A = (®a Q) ® ffipep(©A p Zp°°)- The cardinalities of A and 
A p for p £ P form a complete system of invariants of A (see Fuchs [20]). Moreover 
in this case the rank of A equals A + J2 p ep ^p- 

An abelian group is called reduced if it contains no nontrivial divisible sub- 
groups. For an abelian group A we may define d(A) to be the unique maximal 
divisible subgroup of A. Then A/d{A) is a reduced group and since d{A) is injec- 
tive, A is isomorphic to d(A) © A/d(A). Although A/d(A) is unique only up to 
isomorphism, we may still define the 'reduced part ' of A as a representative of the 
isomorphism class of A/d(A), and denote it by r(A). This makes sense when we 
are only interested in the isomorphism class. 

We say that an abelian group G is bounded (or that it admits an exponent) if 
there exists a number b such that b ■ x = for all x £ G. Such a number b is called 
an exponent of G. (See also Proposition 4.3.4.) 

Theorem 3.3.8. Let P be a set of primes. Let Y be a simply connected 
CW complex and let K be the suspension of a finite complex. Denote T k = 

7* ((r, *)<*■*>, *)■ 

a. If the function space (Y, *)(^<n^)'*) has the homotopy type of a CW com- 
plex, then there exists an integer b £ (P) so that for all k 1 the group 
Dk = b-Yk is P-divisible and contains no P-torsion summands. The short 
exact sequence — > D k — > T k — > T k ® Z b — > induces the split short exact 
sequence 

o — > -Dfc(p) — > T k (p) — ► r fc (g> Z 6 — *■ 

w/iere Dktp\ is a rational group. 

Moreover, the divisible part of Tq does not contain P-torsion, and 
therefore the divisible part ofTo(p) is rational. 

b. //, in addition to the assumption of a., Y is of finite type over Zt R ^ where 
P (~l R is nonempty then for all k ^ 1 the localization T^tp) is a finite 
abelian b-bounded group. Consequently {Y(p), *)( K ( r \ p i'*' > is contractible 
and the abelian H-space (£1Y(p) , *)( K '*) admits an H-space exponent. 

c. Conversely, if the H-space (Y(p), *Y K ^ admits an H-space exponent, then 
C^(P),*) (K<np) '* ) is contractible. 

Proof. We construct localization X = Krp\ P ^ as the reduced infinite mapping 
telescope of the sequence 

K^K^K^, ... 

where p\,pi,... is a sequence of primes in P with each prime in P occurring 
infinitely many times. 

More precisely, we assume X filtered by a based sequence io ^ L\ ^ L2 ^ . . . 
of finite subcomplexes each of which is homotopy equivalent to K, and for all 
i, the inclusion Lj_i < Li corresponds to H-cogroup multiplication by pi. Then 
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(Y, is the limit of the associated inverse sequence (Y, *)( Li '*) where the bond- 

ing map (Y, — > (Y, *)( L *-i'*) is equivalent to H-group multiplication by pi 

on (Y, *)(*>*). 

In particular, the morphisms 7Tfc((Y, *)( L<i *), *) — > ^((Y, *)( Li - 1 '*), *) corre- 
spond to multiplication by pi on Tk (the p,-th power map on r ). Since (Y, 
has the homotopy type of a CW complex, it follows by Theorem 1.4.4 that there 
exists a number i such that for all j ^ i and for all k 1, the image of the mor- 
phism 7r fe ((Y>)( L ^*),*) -> 7r fe ((Y,*)( io '*),*) equals that of 7r fe ((Y, *) -> 

7r fe ((Y, *)( io '*), *). Set b = pi . . .pi. We have shown 

(*) Vj > i Vfc > 1 : . . .pj(6r fc ) = MV 

Denote Dfc = 6Ffe. Property (*) shows that Dk is P-divisible, hence -Dfc(p) is 
divisible and consequently 

(**) 0^D k(P) -^r k{P) -^T k <g>Z b ^Q 

is a split exact sequence. In particular, r(r k ( P )) = T k <g> lb- 

For k = let -Do be the divisible part of IV We may also record this in a short 
(split) exact sequence — > D — > r — > i?o — ► 0. 

The sequence of fundamental groups 7Ti((Y, *)( Li '*\ *) satisfies the Mittag- 
Lcfiler property, and by Proposition 1.4.1 the set of path components [X, Y]» is 
the limit of 

(*) * [Li,Y]* — ► [L,_i,F]* — ► 

Hence LY, Y]* has a group structure with which the restrictions [X, Y]„ — > [Lj, Y]* 
are homomorphisms. Thus Theorem 1.4.4 implies that for some N > 0, the restric- 
tion induced morphisms 

(f) Tr k ((Y,*y x '*\*)^n k ((Y,*y L -*\*) 

are injective for all k and alii ^ iV. 

Let k ^ 0. Let for any group G the symbol lim Pi G denote the limit group of 
the sequence • • • — > G G G. Functoriality of lim guarantees commutativity 
of 

limDfc > \m\T k 

Pi Pi 



D k ► r fc 

Here the vertical arrows denote canonical projections. Left-exactness of lim implies 
that the morphism lim Pi Dk — ► lim pi T k is injective (actually bijective for k ^ 1). If 
Dk contains a Z p oo summand for some prime p £ P, then the kernel of any canonical 
projection lim Pi Dk — > -Dfe is uncountable. In particular, the kernel is nontrivial. 
Hence the same holds for lim Pi Tk — > Tfe, contradicting injectivity of (f). 

Thus for all k ^ 0, D k does not contain Z p oo -summands for p £ P. For 
fc ^ 1 it follows that D k (p) is torsion- free, and since it is divisible, it is a rational 
group. For a reduced group R, the divisible part <i(i?(p)) of localization R(p) is 
always rational, hence since Dq — d(To) does not contain P-torsion summands, 
d(To(p)) — D (p) © d(Ro(p)) is rational. This proves a. 



3.3. LOCAL DOMAIN COMPLEX AND RELATION TO THE MOORE CONJECTURE 49 



If Y is of finite type over Z(p) then the groups Tk are finitely generated as 
modules over Z(p), and Tk(p) finitely generated as modules over phr) • Since 
P n R is nonempty the rational group -Dfc(p) must be trivial and Tk(p) a finite 
abelian group bounded by b. We form a sequence 

i = <p(0) < (f(l) < Lp(2) < ... 

such that for each j, the product p v (j-\)+\P v (j-i)+2 ■ ■ -P<p(j) is a multiple of b. 
Then the restriction (Yrp\,*)^ L f^)'*) — > (Yjp) , induces trivial mor- 

phisms on homotopy groups Tktp\ for k ^ 1 and consequently all corresponding 
homotopy groups of the limit space Q^p), are trivial. We have to show that 

(Y(P), iic)^'*) is also path-connected. 

As discussed above, [X, V(p)]* is the limit of (★), i.e. of the sequence 

The limit vanishes by Lemma 3.3.7. Hence (Y(p), is contractible. Corol- 

lary 1.2.7 yields the rest of b. while Theorem 1.2.6 gives c. □ 

PROOF of PROPOSITION 3.3.1. Statements (i) and (iii) follow from Theo- 
rem 3.3.8 in conjunction with Proposition 3.3.5 and Corollary 3.3.6 by taking 
K = S m . 

In order to prove (ii) we note that by the generalized Serre's theorem (see 
McGibbon and Neisendorfcr [37]) the group 7Tfe(F) contains a subgroup of order p 
for infinitely many fc, and each prime p. □ 



CHAPTER 4 



Maps to Eilenberg-MacLane spaces 

The purpose of this chapter is to investigate the space of pointed maps from 
an arbitrary CW complex A to an Eilenberg-MacLane space K(G,n), where G is 
an abelian group. 

Lemma 4.0.1 (Minimal decomposition). Given a simply connected CW complex 
X and a specific free presentation of each of its homology groups H n {X) = (S n ', S ra ) 
(n ^ 2), there is a CW complex Z and a homotopy equivalence f:Z—>X such 
that each cell of Z is either 

a. a 'generator' n-cell e™ which is a cycle in cellular homology mapped by f 
to a cellular cycle representing the specified generator a G S n ; or 

b. a 'relator' (n + I) -cell e^ +1 with cellular boundary corresponding to the 
specified relator (3 E 

In addition, we may assume that all cells are attached along based maps of spheres, 
and that 

(•) The closure of an n-cell e" meets an (n — l)-cell e" _1 if and only if the 
incidence number [e" : e™ _1 ] is non-zero. These are necessarily only gen- 
erator (n — 1)- cells. 

In particular, each generator n-cell e™ is attached along a (based) map 
<p% : S"- 1 -> Z<"- 2 ) of the (n - l)-sphere into the (n - 2)-skeleton. 

PROOF. Theorem 4C.1 of Hatcher [26] states a. and b. for X of finite type. 
The finite type restriction is unnecessary, and the generalization to b.' is easy. 
(Compare also Rutter [51], Lemma 2.1.) □ 

Definition. A CW decomposition with the properties of Z as in Lemma 4.0.1 
is called minimal. 

To a minimal decomposition of a complex X we may associate a homology 
filtration 

{*} = X 1 < x 2 < x 2 < x 3 < . . . 

by letting Xi be the union of the i-skeleton A^ of X and all the relator (i + l)-cells. 
Then the inclusion induced morphism Hj(Xi) — > Hj(X) is bijective for j ^ i, and 
Hj(Xi) = for j > i. Moreover, if we set Hi = H(X), then the quotient Xi/Xi-i 
is a Moore complex M(H, i), and there exists a map ip: M(Hi,i — l) — ► which 
induces a homotopy equivalence C v — > A 4 . Here C v denotes the homotopy cofibrc 

of if. 

4.1. Homotopy type of K(G,n) x depends only upon homology of X 

Let Y be a CW complex of type K(G, n) for G abelian and let X be any CW 
complex. Then Y and consequently (Y, *)( X '*) are topological abelian monoids 
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(if G is uncountable then in the category of compactly generated spaces; see also 
Appendix B). As has been observed by Thorn [61], it follows that all Postnikov 
invariants of (a CW approximation of) (Y, vanish, and (Y, is a weak 

product of Eilenberg-MacLane spaces. Thus the weak homotopy type of (Y, 
only depends upon homology groups of A. We show that the actual homotopy type 
of (Y, *)( x '*) only depends upon homology groups of X. 

Theorem 4.1.1. Let X be a connected CW complex and let Y be a CW complex 
of type K(G,n) where G is abelian. Then (Y, has the homotopy type of the 

product 

(y» (Ml '* } x ••• x (y,*)( M -*), 

where Mi — M(HiX,i). In particular, (Y, has the homotopy type of a CW 

complex if and only if the spaces (Y, *)( Mi >*) ; for i < n, have. 

Remark. Since Y is homotopy equivalent to £IK(G, n + 1), the function space 
(y, *)(*>*) is homotopy equivalent to {flK(G, n+1), *)( x >*) w (K(G, n+1), *)( sx >*\ 
and it suffices to consider both X and Y simply connected. In view of this we define 
M(A, 1) to be a CW complex M with H^M) ~ A and H k {M) = for k > 2. 

Note that by Proposition B.0.3 we may arrange for a pointed homotopy equiv- 
alence in Theorem 4.1.1, by choosing an appropriate space Y of type K(G,n). 

The rest of this section will be devoted to proving Theorem 4.1.1. 

Lemma 4.1.2. Let Y be an Eilenberg-MacLane space K(G,n) and let X be 
a simply connected CW complex with homology filtration X2 ^ A3 ^ . . . associ- 
ated to a minimal decomposition. Then (Y, — > (Y, is a homotopy 
equivalence. 

PROOF. By Proposition 2.6.1 we know that (Y, -> (Y, *)( x< " +1) '*) is a 

homotopy equivalence, and that 

(*) (r,*)(* (n+1) '*)^(y, *)(*"■*) 

is a homotopy equivalence onto image. It suffices to prove that (*) is surjective. By 
assumption x( n+1 *> is obtained from X n by attaching generator (n + l)-cells, that 
is X^ n+1 ^ is the cofibre of a map 

ip: \/S n ^X^-^ ^X n . 
x 

Then the restriction (*) is the homotopy fibre of the induced map : (Y, *y Xn >*) — » 
(y,*)(v*s»,.) which factors trough (Y,*)( x(n ~ 1} '*\ Since Y is a K(G, n), on the 
group of path components ip# transforms as 

H n (X n ;G) H n (X^ n -^;G) -> H n {V x S n ;G). 

But H n (X^ n ^ 1 ^;G) is trivial hence the homotopy fibre (*) is surjective. □ 

PROOF of Theorem 4.1.1. Thus we may assume a minimal decomposition 
for A and take the associated homology filtration A2 ^ A3 ^ . . . . By Lemma 4.1.2 
we know that the restriction (Y, — > (Y, is a homotopy equivalence, 

and we may replace A by its n-th homology stage X n . For convenience concerning 
connectedness, we may view Y as the triple loop space of the ii-group K(G, n + 
3). Thus it suffices to show that (K(G,n + 3),*)^"'*' has the homotopy type 
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of Y\^ 2 (K(G, n + 3), *)( M -*). By renumbering, it suffices to prove Lemma 4.1.3 



below. 



□ 



Lemma 4.1.3. Let Y = K(G, n) and 3 <i <n-3. The fibration (Y,*)^'*) -> 
(Y, *)( x <-i'*) is trivial. 

The following step is crucial. 

Lemma 4.1.4. Lei (L ', L) &e i/ie adjunction of an i-cell e attached along a based 

/ r i«-2) 



map 



<p: (S 



(L^~',x ) 



of the — -sphere to the (i— 2) -skeleton of L. Denote by K the smallest subcomplex 
of L that contains the image of tp. Note that K is finite and contained in L^ l ~ 2 h 
Set K' = KUe. 

Then the induced map tp# : (Y, — > (Y, *Y S ' '*) is nullhomotopic as a 
pointed map. Hence the restriction fibration (Y, *)( K — > (Y,*)( K '*^ is fibre- 
homotopy trivial and consequently so is (y,*)( L '.*) -> (y,*)( L <*). //$ denotes the 
fibre of(Y, — > (y, h^ 5 * >*) (over i/ie constant), the canonical fibre-homotopy 
equivalence (Y,*)^^ x $ -> (y, *)( L '<*) restricts to {Y,*)( K >*'> x $ -> (y, *)( K '<*). 
in particular, the canonical sections give rise to a commutative diagram as follows. 



(Y*) 



(Y,*) 



(AUe,*) 



(L,*) 



(A,*) 



in oi/ier words, if f,g: L —> Y are functions with f\x — g\x, the extensions s(f) 
and s(g) restrict to the same function on KUe. 

Remark. We use the term 'canonical section' according to definition following 
Lemma A. 0.3. 

Proof. Lemma 0.0.8 yields the following pullback. 

(y } *)(£'.*) ► (y,*)( B » 



(Y*) 



(£,*) 



(Y*) 



This is to say that the fibration (Y, *)( L '*) — > {Y, *)( L '*) is the principal fibration 
obtained as the homotopy fibre of tp&. The latter factors as 

(y,*)( L <*) -> (y, *)(*•*) ^ (y,*)^" 1 '*). 

Since if is finite, (Y, *)( K '*) is globally well-pointed (see Lemma 3.3 of [56]) and 
has the homotopy type of a CW complex (hence has the pointed homotopy type of 
a CW complex). Thus we compute 

[(y, *)(*■*>, (y, *) (si ~ V) ]* = ff"~ m ((y *)^*);G). 
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But 7r fc ((T, *)(*», const) = H n - k (K; G) is trivial for n - k > (i - 2) + 1 since X is 
(i — 2)-dimcnsional. By the Hurewicz theorem the group 

is trivial, therefore is nullhomotopic as a pointed map. Let h: {Y, *)( K <*) x I — > 
(Yi *)( sl denote a homotopy between the constant map and <p#. 

The canonical section (y — > (Y, *Y K '*) is homotopic as a pointed map 
to the section 

s K : - (y, *)<*'• *), = /, s K (f)(cj>l(,t}) = h(f,t)(Q. 

Here [_, _] denotes the quotient map S 1 ^ 1 x I — > S^ 1 x I / S 1 ^ 1 x = B\ while 
(ft: B l ^ K U e denotes the characteristic map. 

The pre-composition of h with restriction (Y, — > (y, gives a 

pointed trivialization of ip# : (y, *)( L '*) — > (y *)( s ' >*) and the induced fibre ho- 
motopy equivalence (y *)( L '*' x $ — > (y *)( L '*) clearly lifts (y x $ — > 

(y *)(*'•*). 

In particular, the section s: (Y, *)( L '*) — > (y, *)( L '*), defined by 

s(/)U = /, *(/)(0[C,*]) =M/k,*)(C) 

(is homotopic to the canonical one and) lifts Sk ■ □ 

PROOF of Lemma 4.1.3. We construct Xi from in two stages. First, we 
attach all the generator i-cells via an attaching map 

<P = Va^a : V S ^ X ^ 2) ^ 

A 

to obtain XW. By Lemma 0.0.8 the map tp induces the pullback diagram below. 

(y )1|c )(jf (i) .*) ► (y*)(^ s< >*) — n^'*)^*'* 5 



The induced map tp^ maps into the product TJ A (y, '*'. The composition with 

the A-th projection pr A otp# equals ipf which is nullhomotopic as a pointed map by 
Lemma 4.1.4. Hence so is ip^, by a product homotopy. Let K\ denote the smallest 
subcomplex of X that contains im^ and fix homotopies h\ : (Y,*)( Kx '*'> x/^ 
(Y,*y st between * and ipf. Then the 'canonical section' s: (Y, *)( x *-i>*) — > 
(y,*)( x(<) -*) has the form 

*(/)!*_,=/, *(/) = M/k„i)(C)- 

Now we attach the relator (i + l)-cells to via an attaching map 

fj- 
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We obtain a pullback diagram similar to the one above 

(y, *)(*.*) ► (F,*)(V,B i+1 ,*) 

(y*)(* (i) .*) (y,*)(v^.*) 

We claim that we can lift s to a map (necessarily a section) s' : (Y, — > 
(y, *)( Xi '*). To prove this we observe projections of the composite 

(y *)(**-!>*) A (y*)(* (i) .*) ^ (y*)(V„ si >*) = J](y*)( si .*) 

onto the factors. Let e M be an (i+l)-relator cell with attaching map tp^: S l — > XW, 
and let L denote the smallest subcomplex containing the image of i/v- Note that 
i contains only generator i-cells; by property b.' of Lemma 4.0.1. (On L n X^ -1 ) 
there are no particular restrictions.) We number the i-cells e\, . . .,e r and let K 
denote L\{ei, . . . , e r }. Then if is a finite subcomplex contained in X^ 1 ^ 1 C 
By construction, the following diagram is commutative. 

(y*)(* (i> .*) ► (y*) (i '* } (y*) (5V) 

(y*)^- 1 -*) ► (y*) (A>) 

We compute 

[(y *) (K, *\ (y *) (s '-% s #™- 4 ((y *)(^*) ; g). 

But 7T fe ((y *)( K >*\ const) H n - k (K;G) is trivial for n - fc > (i - 1) + 1, i.e. 
k ^ n — z, since if is (i — l)-dimensional. By the Hurewicz theorem, the group 
[(y *)( K '*\ (y *) < - 5,, *^]» is trivial, and therefore the composite tp# s k is null- 
homotopic (as a pointed map). Hence so is the pre-composite with restriction 
(y *)(*«-!>*) -> (y *)( K >*). By commutativity, this equals ^# o s: (y *)( x *- 1 >*'> -> 

(y *)(«'>*). Hence also the map into the product os is nullhomotopic. Therefore 
s may be lifted to cr: (y *)( Xi -^*) — > (y *)( Xi >*), and ct is automatically a section. 
But there exists a (pointed cellular) map k: M(HiX,i — 1) — > such that the 

inclusion — ► X, extends to a homotopy equivalence F : Ck ^ Xi with Cfe the 
mapping cone of k. Lemma 0.0.8 gives the following commutative diagram where 
the square is a pullback and F # is a fibre homotopy equivalence. 

(y *)(**.*) — ► (y*)( c <-*) ► (y^)Wx,i-i),.) 




(y,*)^'- 1 '*) — ► (y !|c )(M(ff i x,i-i),*) 
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The section of (Y, -> (Y, trivially defines a section of (Y, *)( Cfc '*) -> 

(Y, Since (Y, ^(CM^x.i-i),*) is contractible, the existence of a section 

implies that k# is nullhomotopic. Hence (Y, *)( c ' fc '*) — > (Y, fc)^*- 1 '*) is fibre homo- 
topy equivalent to a product fibration. Since F# is a fibre homotopy equivalence 
also (Y, *y Xi '*'> — > (Y, *)( x *-i>*) is fibre homotopy equivalent to a product fibra- 
tion. □ 

4.2. Spaces of maps M(A,m) — > K(G,n) 

The purpose of this section is to strengthen Theorem 2.2.5 in the particular 
case of function spaces #(G,n) M ( A ' m ), see Corollary 4.2.3 below. We apply the 
latter in the following section where we give necessary and sufficient conditions for 
K(G, n) M ( A - m ) to have CW homotopy type. 

The following delooping proposition is an immediate consequence of Theo- 
rem 2.5.1. 

PROPOSITION 4.2.1. Let X = M(A,m) and Y = K(G,n) where m ^ n - 2. 
// (Y, has CW homotopy type, then so also has (V, where Y' = 

K(G,n+l). □ 

The case m = n — 1 can, by a different method, be obtained in a weaker form. 

Proposition 4.2.2. Let X = M(A,m) and Y = K(G,n) where m < n - 1. 
Assume that (Y, is contractible. Then so also is (Y',*)( X '*' where Y' = 

K(G,n+l). 

Proof. We assume that X has a minimal decomposition. Let be a count- 
able subcomplex of X, and let K\ < K 2 < . . . be a filtration of finite subcomplcxcs 
for Koa. By Theorem 2.2.5 and Proposition 1.1.2 there exists a sequence of finite 
subcomplcxcs Lo ^ L\ ^ L 2 ^ ■ ■ ■ such that Li Ki for all i and, moreover 

(i) the inclusion H*(Li) — > H*(X) is injcctive on the image of — > 

(ii) The restriction fi((Y, *) -> 0((Y, *) is nullhomotopic. 

The subcomplexes Lj are Moore spaces of type M(H m Li,m). In particular, 

7T„- ro ((Y, *) (L "*\ *) - 7T„_ ro ((Y, *)( L — *>, *) 

transforms naturally as 

(t) Hom(ff m L,,G) -> Hom^Lj-i.G) 

which is trivial by property (ii) since n — m ^ 1. For each z let i?i denote the image 
of H m Li — ► H m X = A. By property (i) actually ^ H m Li, for all i ^ 1. For 

z ^ 1 the induced morphism Hom(_B i+ i, G) — > Hom(Bj_i, G) factors as 

Hom(Bj + i , G) -» Uom(H m L i+1 ,G) - Hom(F m L i , G) -» Hom(B l _ 1 , G) 

and is therefore trivial. 

Set = Uj.Lj. By (i) (see Lemma 2.2.4) the morphism H^L^ — ► is 
injective. Denote HmL^ = B^. The group B m is the union of groups Bi. We 
may inductively form an expanding sequence of finite CW complexes 

M(B 1 ,m) ^ M{B 2 ,m) ^ M(B 3 ,m) ^ ... 

the union of which is a CW complex of type M(B 00 ,m). Set M(Bi,m) = M i} 
1 < i ^ oo. Since Bi ^ A for all i, the exact sequence Ext (A, G) -» Ext (Bi, G) — > 
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shows that Ext(B l ,G) = 0. Therefore the space (Y, *)( Mi <*) has the type of 
K(Kom(Bi,G),n-m), and (y ,*)( M *>*) has the type of Jf( Hom(B !; G), n - m + 
1). Then since the restriction (Y', *)( M '+!<*) -> (y', *)( M *-i>*) induces the trivial 
morphism Hom(_Bi + i, G) — > Hom(_Bi_i, G) on the single non-zero homotopy group, 
it is nullhomotopic. By Proposition 1.2.4, the space (y, *)( M °°>*) is contractiblc. 
Since L m ~ M m , also (Y 1 , *)' L " ! '' is contractible. 

This shows that every countable subcomplex of X is contained in a big- 
ger countable subcomplex L x such that (y',*)( L °°'*) is contractible. Hence by 
Corollary 2.2.7 also (Y', *y x '*1 is contractible which completes the proof. □ 

Corollary 4.2.3. Let X = M(A, m), Y = K(G,n) where m < n - 1. If 
(y, /ias CW homotopy type, there exists a countable subcomplex L (con- 

taining a given countable subcomplex) of X such that the restriction (Y, — > 
(Y, *)( L '*) is a homotopy equivalence. In addition, we may assume L — M(AL,m) 
with Al — > ^4 injective. 

PROOF. Since (y, *)(*•*) ~ (if(G, n + i), *)(M(A,m+i),*) for all i > we may 
assume to ^ 3 with no loss of generality. 

By Theorem 2.2.5 there exists a countable subcomplex L (containing a given 
countable subcomplex) of X such that the homology of L injects into that of X 
and the space (Y, *y x / L '*'> is contractible. Since B = H rn L — > H m X = A is 
injective, X/L is a Moore complex of type M(A/B,m). By Proposition 4.2.2 also 
(Y', *y x ' L ^ is contractible where Y' = K(G, n + 1). 

Since all spaces in question are simply connected, there exists a pointed cel- 
lular map ip: M(A/B,m — 1) — > L such that the mapping cone of ip is homotopy 
equivalent to X. By Lemma 0.0.8 the fibration (Y, *)( X '*) -> (y, *)( L '*) is (fibre 
homotopically equivalent to) the principal fibration obtained by taking the homo- 
topy fibre Of Lp*: {Y,*)^^ -> (y *)(M(A/B,m-1),*)^ Sincc ^(M(A/B,m-1),*) _ 

(y', *)(M(A/B,m),*) ig coritract ible, (y, *)(*>*) -> (y,*)( L <*) is a homotopy equiva- 
lence. □ 



Case to = n is particular. 

Lemma 4.2.4. Let W be an (n - \)-connected CW complex. Let C = H n (W) 
and assume that Hom(G, G) = 0. Then (K (G , ri) , *)( w '*^ is contractible. 

PROOF. By Lemma 4.1.2 we may assume that W = M(C,n). Set Y = 
K(G, n). Note that Z = {Y, is path-connected. Let be a countable sub- 

complex of W, and let K\ ^ K2 ^ . . . be a filtration of finite complexes for K^. For 
any subcomplex LofW denote by Z L the image of Z = (Y, -> (y, *)( L -*). 

Note that is the path component of the constant map in (Y, *)( L '*). Then {Zk^ 
is an inverse sequence of contractible spaces. By (i) of Lemma 1.3.8 its inverse limit 
is ZjCca and is contractible. □ 

Proposition 4.2.5. Let X = M (A, n) and Y = K(G,n). Then (V, *)(-*» 
has CW homotopy type if and only if there exists a finitely generated subgroup 
B of A such that Hom(^4/_B,G) = 0. In this case, if the decomposition of X is 
minimal, there exists a finite subcomplex L of X such that (Y, — > (Y, *)( L '*' 
is a homotopy equivalence onto image. 
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PROOF. Assume that X has a minimal decomposition. If (Y, has CW 

type, then by Theorem 1.4.4 and Proposition 2.3.1 there exists a finite subcom- 
plex L of X such that the morphisms ir k ((Y, *) — > 7r fc ((Y, *)( L '*', *) are 

injective for all k ^ 0. All higher homotopy groups vanish, so automatically 
(Y, — > (Y, is an equivalence onto image. On ttq the condition says 

that H n (X\ G) — + H(L; G) is injective. Since L is a complex of type M(A, n), the 
morphism Hom(A, G) — ► Hom(A, G) is injective. Let B denote the image of A — > A. 
Then also Hom(A, G) — ► Hom(£?, G) is injective which shows Hom(A/B,G) = 0. 

Conversely, if Hom(A/£?,G) = for a finitely generated subgroup B of ^4, 
then (Y, *)(M(A/B,n),*) is contractible by Lemma 4.2.4, hence (Y, *)(*>*) has CW 
homotopy type by Lemma 4.3.7. □ 

Corollary 4.2.6. Let X = M(A,ri), Y = K(G,n). Assume that A admits a 
finitely generated subgroup B such that Hom(A/£?, G) = 0. Assume X is in a min- 
imal decomposition and let be a countable subcomplex of X. Then there exists 
a countable subcomplex of X such that L m ^ K^, the morphism H^Lqo) — > 
H*(X) is injective and the restriction fibration (Y, — > (Y, *)' L " ! *' is a ho- 
motopy equivalence onto image. 

Proof. There exists a finite subcomplex L = M(A ,n) of X such that the 
image £?o of H n Lo — > i/„A = A contains £?. By Lemma 2.2.4 and Lemma 1.3.11 we 
may construct an ascending chain L\ ^ L2 ^ . . . such that Lo ^ Li, A'oo *s L^ and 
-ff*(Loo) — * H*(X) is injective. Note that for all i the image Bi of i?„Lj — > -ff n A 
contains B. Consequently Hom(A/Bi, G) = for all i and (Y, -> (Y, *)(^>*) 

is a homotopy equivalence onto image which we denote by IV Let r M denote the 
image of (Y, — > (Y, *)(•*"*»*). Evidently then Y l is the image of L^ under 
(Y, *)( L °°<*) — > (Y, *)( Li '*). Since for each i, restriction — > Pj_i is a homotopy 
equivalence, Too — > L^ is a homotopy equivalence for all i, by Lemma 1.3.8. □ 

4.3. Explicit determinations 

Here we give necessary and sufficient conditions on abelian groups A and G for 
CW homotopy type of K(G, n) M ( A > m ) and that of K(G, n ) K ^ m '> for m > 2. 

Theorem 4.3.1. Let A and G 6e abelian groups. Let T(G) denote the torsion 
subgroup of G, and F the quotient G/T(G). Define 

P = { P e P I G * Z p ,6 0} , S=( P eP ^ 

I * (p) 

T/ie function space K(G, n) M ( A > m ) has CW homotopy type if and only if 
(i) m > n, or 

(ii) m = n, and t/iere exists a finitely generated subgroup B of A such that 

Rom(A/B,G) = 0, or 
(iii) m < n, and there exists a short exact sequence O^B^A^A'^0 
such that B is finitely generated, A' is P -divisible, the divisible T(A')(p) 
has finite rank, and, in addition, either 

• G is a P-bounded group, or 

• A' is a torsion group such that for R = G P | A'^ =/= j 

a. T(G)(jj) is bounded and is rational (if and only if 

RnS = 9), 



58 



4. MAPS TO EILENBERG-MACLANE SPACES 



b. ^.'(5) is a finite group. 

(See page 46 for definitions concerning divisible and reduced abelian groups.) 
An abelian group is called cocyclic if it is isomorphic with a finite cyclic group 
Z p fc for some prime p and fc ^ 1 or with a quasicyclic group Z p °c . 

Corollary 4.3.2. Let A be a torsion, and G an arbitrary abelian group. Let 
P and S be defined as above, and let m < n. The space K(G,n) M ( A ' m ^ has CW 
homotopy type if and only there exists R C P such that T(G)^ R - ) is bounded, Fr R ^ 
is rational, Am-, is isomorphic with the direct sum of finitely many cocyclic groups, 
and ^4(pus\fl) is a finite group. □ 

Theorem 4.3.3. Let A and G be abelian groups, and m,n ^ 2. Then the 
function space K(G,n) K( - A ' m ^ has CW type if and only if K(G,n) M( - A ' m ^ has, and 
consequently if and only if the conditions of Theorem 4-3.1 hold. 

In subsequent sections we will frequently use some well known results on abelian 
groups, and for convenience we summarize a few in Proposition 4.3.4. 
A subgroup S of A is pure in A if nS = S n nA for every integer n. 

PROPOSITION 4.3.4. (1) (Prufer and Baer.) A bounded abelian group 

splits into the direct sum of finite cyclic groups (bounded by a common 
bound). 

(2) (Kulikov.) A bounded pure subgroup is a direct summand. In particular if 
the P -torsion part of a group A is bounded then it is a direct summand. 

(3) (Kulikov.) If an abelian group contains elements of finite order, then it 
contains a cocyclic direct summand. In particular, if a reduced torsion 
abelian group is unbounded, it contains finite cyclic direct summands of 
arbitrarily large orders. 

PROOF. See Theorem 17.2, Theorem 27.5, and Corollary 27.3 of Fuchs [20]. □ 

We are now ready to pursue the proof of Theorem 4.3.1. 

Proposition 4.3.5. Let G be an abelian group and let Y denote the Eilenberg- 
MacLane space K(G, n). Decompose G as G = D © R where D is divisible and R 
a reduced group. Further let X be an (r — \)-connected rational CW complex where 
r ^ 2. Set Q k = H k (X). Assume Q r ^ 0. The space (Y, *)< x >*) has CW homotopy 
type if and only if one of the following requirements is met. 
(i) r > n. 

(ii) r — n, D is torsion free, and dimq(Q r ) is finite if D is nontrivial. 
(iii) r < n, the group D is torsion free, R is bounded, and for r < k ^ n, the 
dimension dimQ(Qfc) is finite if D is nontrivial. 
Moreover (Y, is always contractible if r > n (case (i)) or D is trivial. 

Proof. By Theorem 4.1.1 it suffices to consider X = M(Q,m) where Q is a 
rational group. More precisely, Q is isomorphic to the direct sum ©aQ for some in- 
dexing set A. Then X = \f A M(Q, to) = Va and {Y, *) (x <* } « Ua( Y > *) (S< ™ ) '* ) - 
Thus (see Example 1 on page 4) the space (Y, *)< x >*) has CW type if and only if 
(Y, *)( s (°> , *- ) has CW type and is either contractible or else A is finite. 

If m > n, then may be assumed to have trivial n-skeleton, hence (Y, *)( s (°>'*' 
is contractible by Proposition 2.6.1. 
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Let to < n. Set Y D = K(D, n) and Y R = K(R,n). Then Y ~ Y D x Y p and 
(y,*)( s (S)'*) ~ (Yd,*)( s (3)'*) x (Yr,*)^)'*). If D is torsion free then by Theo- 
rem 3.2.1 the space (Yd, *) < - s (°''*- ) is equivalent to (Yd, *Y sm '*\ and has nontrivial 
homotopy group ir n - m if and only if D is nontrivial. 

By a. of Theorem 3.3.8 and the above remark concerning finitcncss of A it 
already follows that for to ^ n the stated conditions are necessary. 

Consider the case m = n. Since there are no morphisms from a divisible to a 
reduced group, the space (Y p , *)( s (°>'*) is contractible by Lemma 4.2.4. 

If to < n and R is bounded, then the H-spaces Y p and consequently also 
(YR,*) {sm '* ] = W n {Y R ,*) admit H-space exponents. Thus (Y fl , is con- 

tractible by c. of Theorem 3.3.8. □ 

PROPOSITION 4.3.6. Let T be a divisible torsion group, and write T = © peP ©AeA p 
Zpoo where A p is nonempty for each p G P . Set X = M(T, to) and Y = K(G, n). 
Then (Y, *)( X '*) has CW type if and only if one of the following is true. 
(i) to > n, 

(ii) m — n, and (i(G( P )) is rational, 

(iii) m < n, d(G( P )) is rational, r(G( P )) is bounded, and for 

R={peP\r{G (P) ) (p) ^Q) 
the set UpgpAp is finite. 

Proof. By (ii) of Corollary 3.2.3 the space (Y, is equivalent to (Y (P) , 

Set T = © pe pZpoo and X' = M(T',m). Then X' is a wedge summand of 
X, and by Lemma 0.0.5 the space (Y( P ), *)( X '*) dominates (Y( P ), *Y x '-*\ Since 
T" is the cokernel of the monomorphism Z — ► Z(j»\ P ), the map (Y( P ), — > 
(Y( P ),*)( S '*) is a principal fibration (see Lemma 0.0.8) with fibres either empty 
or equivalent to (Y( P ), *Y X '*'. Hence the latter has CW type if and only if 
(Y (P ),*) (s ('\ p )'* ) has. By Theorem 3.2.1, the space (Y (P) , *) (s < ? \ p )'* ) is homotopy 
equivalent to (Y (P) , *) (5 <")^* ) . 

Thus the necessity of the stated conditions follows immediately from Proposi- 
tion 4.3.5, with the exception of the condition on the set U peP A p . 

Now assume that m < n, d(G( P )) is rational, and r(G( P )) is bounded. Since 
X splits as X ~ V peP Vaga p M(Z p oo , to), (Y( P ), *)( x <*) factors as 

(Y (P) ,*)(^n n^p),*)^ 00 ^- 

peP AeA p 

Note that 

7r„_ m -i ((Y (P) , *)( M <V» ."*).*) , *) - Ext(Z p ~ , r(G (P) )) - r(G (P) ) (p) , 

since r(G( P )) is bounded. A space of CW type only admits factorizations into 
products of finitely many non-contractible factors (see Example 1 on page 4), and 
UpepAp must be a finite set. 

Conversely, if U peP A p is finite, then (Y( P ), *)( x >*) is homotopy equivalent to a 
product of finitely many factors each of which is dominated by (Y( P ), *)( x '*\ and 
by sufficiency part of Proposition 4.3.5 the stated conditions evidently suffice here 
as well. □ 
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Example 10. Let X = M(Z p oo,m) and Y = K(Z p ,n). By Proposition 4-3.6 
the space (Y, has the type of a CW complex (of type K(Z p ,n — m — 1)). 

Contrary to examples provided in Kahn [29] and in [56], this function space of CW 
type is not covered by Milnor's theorem in the sense that if X is any CW complex 
of type M(Z p oo , m) and L is a finite subcomplex of X , then (Y, — > (Y, 
is not a homotopy equivalence. □ 

Lemma 4.3.7. Let B be a finitely generated subgroup of A, and let Y be an 
arbitrary CW complex. Then (Y, *)( M (- 4 > m )>*) has CW homotopy type if and only if 
(Y,*)( M( - A / B ^^hasifm>3. 

Remark. If Y is an infinite loop space, for example an Eilenberg-MacLane 
space, then the restriction on m is unnecessary, since then (Y, #)( M ( j4 > m )>*) is homo- 
topy equivalent to (Y', *)(M(A,m+2),*) ) and ry^^M(A/B, m ),*) ig homotopy equiva- 
lent to (Y' ) *)(M(A/B,m+2),*) > 

PROOF. There is a cellular map M(B, m — 1) — ► M(A, m — 1) which realizes 
the inclusion B ^ A in homology, since m — 1 ^ 2. Expanding this to the Puppc 
sequence yields a subcomplex inclusion M(B,m) ^ M(A, m) which is the cofibrc 
of a map ip : M(A/B, m - 1) -> M (B, m). 

Thus by Lemma 0.0.8 the map (Y, *)( M ( A .™).*) -> (Y, *)(M(u,m),*) is a pr incipal 
fibration with fibres either empty or of the type of (Y, *)( M ( A / B > m )>*), and the 
assertion follows by Stashcff 's theorem. □ 

Lemma 4.3.8. Let be a nontrivial countable torsion-free abelian group, and 
let G be an arbitrary abelian group. Assume m < n. If (K(G, n), *)( M (*> m )'*) is 
contractible then G is bounded by a number b, and $ is b-divisible. 

Proof. The group $ may be represented as the union group of an expanding 
sequence of subgroups 

(t) = $ < $i < $2 < $3 < • • • 

where for each i, the group $i is a free group of finite rank rj, and rj_i ^ ^ i, 
for alH ^ 1. Inductively we can form a sequence of inclusions 

M($i,m) < M($ 2 ,m) sC M($ 3 ,m) < . . . 

with union space a CW complex homotopy equivalent to M($,m). Set Li — 
M($i,m) and Y = K(G,n). Note that (Y,*j< L "*) is a space of type K(G r %n-m). 

By Proposition 4.2.2 and Theorem 1.2.6 the space (if(G, n), *)( M (*' m )<*) is 
contractible if and only if there exists a sequence i\ < 12 < «3 < . . . such that for 
each j, the restriction 

(*) (Y,*) (L ^* } -> (Y,*)^-!'*) 

is nullhomotopic. 

We replace the original sequence {L^ i} by the subsequence {L ij j}. 
We fix isomorphisms Z ri = $i and rewrite (f) as 

(|) Z ri Z r2 Z r;? . . . 

where the Ai are matrices with integral entries. The map (Y, — ► (Y, *)( Li -!>*) 
is nullhomotopic if and only if the 7r n _ m - induced morphism 

(**) Hom(Z n , G) = G n G n - X = Hom(Z n - 1 , G) 
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is trivial. Here Af denotes the transpose of Ai, that is, the morphism 

(91, ■ ■ ■ ,9n) >-> {hi, ftr 4 _i), hk = y^{Aj)i tk gi. 

1=1 

If this is the trivial morphism, then (Ai)i^g = 0, for all I, all k, and all g. 

Since this is valid for all i, either Ai = for all i which is a contradiction, or 
else G is bounded by a number b. Supposing b minimal it follows that Ai = b ■ A\ 
for all i. Thus $ is b-di visible. □ 

Proposition 4.3.9. Let A be a nontrivial torsion free abelian group, and let 
G be an arbitrary abelian group. Assume m < n. Then {K{G, n), *)( M ( A > m )>*) is 
contractible if and only if G is bounded by a number b, and A is b-divisible. 

PROOF. Set Y = K(G, n). By Corollary 4.2.3 there exists a countable subcom- 
plcx L oiM{A, m) withff.(L) H*(M(A,m)) injective, so that {Y, *)WA,m),*) ^ 
{Y, *)( L '*) is a homotopy equivalence. Then L is of type M(<&, m) with $ ^ A, and 
by Lemma 4.3.8 G is bounded by a number b. Assume a minimal b. 

By Proposition 4.2.2 and Theorem 2.2.5 the space {Y, *)( M ( A > TO )>*) is con- 
tractible if and only if for each countable subgroup $ of A there exists a bigger 
countable subgroup of A such that (y,*)( M (*'.™).*) is contractible. By the 
lemma and minimality of 6, the group $' is 6-divisible. But this implies that A is 
P-divisible for P the set of prime divisors of b. 

Conversely, assume that A is P-divisible and G is P-bounded. Then 
(y, *)( M ( A (p)> m )>*) — > (y ; *)( M ( A .™)'*) 

is a homotopy equivalence by Theorem 3.2.1. Since A is torsion-free, Ar P \ is ratio- 
nal, and Proposition 4.3.5 shows that {Y, *)( M ( A (^)> m ).*) has CW type. □ 

Lemma 4.3.10. Assume the notation of the theorem, and let T be a torsion 
group with trivial {P U S)-part. Then {K{G,n),*)^ M ^ T,m ^*^ is contractible. 

PROOF. The rationalization K{G,n) — > K(G( ), n ) ma Y be viewed as a prin- 
cipal fibration with fibre $ such that 7r„($) = T(G) and tt„_i($) ^ {F ® Q)/F. 
Thus $ is a P US'- local torsion space, so Theorem 3.2.1 implies that ($, *)( M ( T ' m )>*) 
is homotopy equivalent to ($,*)' M ' T ' , "'i piJS ) , *l The latter is contractible since 
M(T,m) (PuS) is. By Theorem 3.2.1 also (K(G (a) , n), *)(M(T, m ),*) ig contrac tible. 
Hence so is {K{G, n),*Y M ^ T - m ^*\ as claimed. □ 

Proof of Theorem 4.3.1. Assume a minimal decomposition for X = M{A,m), 
and set Y — K(G, n). Case m > n follows from Proposition 2.6.1, and case m = n 
by Proposition 4.2.5, so we assume m < n. Let Y x have CW homotopy type. 
By Corollary 2.2.9 there exists a finite subcomplex L of X such that for every 
k G {0, . . . , n} the inclusion induced morphism 

(*) H k {X; G) — > H k {L; G) 

is injective. 

Minimal decomposition of X implies that L is of type M{Ai Jl m). Denote by 
ip: Al — > A the morphism induced by inclusion L ^ X, and set B = im ip. 

Injectivity of (*) says that the morphisms ip* : Hom(^4, G) — > Hom(^4£, G) and 
ip* : Ext (A, G) — > Ext(Aj,, G) are injective. Consequently also 

Hom(A, G) -» Hom(B, G) and Ext(A, G) -► Ext(B, G) 
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are injective. 

Plugging this into the exact sequence 

-» Uom(A/B, G) -> Hom(A, G) Hom(B, G) 

-» Ext(A/B, G) -► Ext (A, G) -» Ext(S, G) -> 

it follows that Hom(^4/B, G) is trivial and 

Ext(A G) = Ext(B, G) = T(B) ® G is a bounded abelian group. 

Set A' = A/B. By Lemma 4.3.7 the space K(G, n) M( - A ' also has CW type. 
Reapplying the above with A' in place of A yields a finitely generated subgroup B' 
of A' with 

Ext (A', G) Ext(5', G) T(B') ® G a bounded abelian group. 

Set X' = M(A', m). We proceed with investigating Y x ' of CW type with Hom(A', G) 
trivial and Ext(^4 ', G) a bounded abelian group. 

Let p € P. The epimorphism A' — > A' <g) Z p induces the monomorphism 
Hom(^4' (g) Z p ,G) — > Hom(A',G). Furthermore the monomorphism G * Z p — > G 
induces the monomorphism Hom(A' (g) Z p ,G * Z p ) — > Hom(A' (g) Z p ,G). Since 
Hom(^4', G) is trivial and G * Z p is nontrivial, A' ® Z p must be trivial. In other 
words, A' is p-divisible. 

Consider the exact sequence 

(**) -» Hom( J 4'/T(A'), i?) -» Hom(A', if) -» Hom(T(A'), #) 

-» Ext(A'/T(A'), ff) -> Ext (A', If) -» Ext(T(A'), i?) -> 
Since Hom(^4', G) = 0, substituting H = G simplifies (**) to the exact sequence 

-» Hom(T( J 4'), G) ^ Ext(A' /T(A'), G) Ext (A', G) -» Ext(T(A'), G) -» 0. 

It follows that Hom(T(A'),G) = kera, and that coker<5 — ► Ext(A ', G) is injective. 
However, since A' /T(A') is torsion-free, ~Ext(A' /T(A'), G) is divisible, and hence 
so is its quotient group cokcr<5. Since no divisible group is bounded, coker5 = 0, 
and consequently 

Ext(A',G) Ext(T(A'),G) 

and Rom(T(A'),G) Ext(A' /T(A'), G) are isomorphisms. Since T(A') is a tor- 
sion group, Hom(T(A'),G) is a reduced group (see Theorem 46.1 of Fuchs [20]). 
The only possibility is 

Uom(T(A'),G) = Ext(A'/T(A'), G) = 0. 

Applying Hom(T(A'), -) to ^ T(G) -> G -> F -> yields the equality Hom(T(A'), G) 
Hom(T(A'), T(G)) = and the exact sequence 

(f) -> Ext(T(A'),T(G)) -> Ext(T(A'), G) -> Ext(T(A), F) -» 0. 

Since 

Hom(T(A'),G) - Rom(T(A'),T(G)) £* JJ Hom(T(A') (p ), T(G) (p) ) 

pep 

it follows immediately that for p E P, cither T(A')^ is trivial or else T(G)( p ) is 
reduced. 

The sequence (f) shows that both Ext(T(A'),T(G)) and Ext(T(A), F) are 
bounded. 
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Consider 

Ext(T(A'),T(G)) £* [] Ext(T(A') (p) ,T(G) (p) ), 
p&p 

and let R = {p e P \ T(A') (p) ^ 0}. Take p e R. Then T{G) (p) is reduced. If it 
is unbounded, then it admits cyclic direct summands of arbitrarily large orders, 
and consequently so does Ext(T(A')r p \, T(G)( p )), contradiction. Furthermore, if R 
is infinite, then J} pG p Ext(T(A')( p ), T(G)( p )) contains elements of arbitrarily high 
orders which again contradicts boundedness of Ext(T(A'),T(G)). Thus i? is finite, 
and we conclude that 

T(G)(fl) is a bounded group. 

In the short exact sequence 

-> T(G) (fl) - G (fl) -> F (R) - 

the group T(G)(#j is a bounded pure subgroup of G(#), hence it is a direct sum- 
mand. It follows that the divisible part c£(G( fl )) of G( fl ) is isomorphic to the divisible 
part of Fr m , and as such is rational. Furthermore, 

r(G (fl) )=T(G) (fl) fflr(f (fl) ). 

Since T(A')(/j) is divisible, it is a direct summand of A'; we decompose A' = 
T{A') (R) ®A 1 . ThenM(A',m) ~ M{T{A') {R) ,m)yM{A 1 ,m), and by Lemma 0.0.5, 
the space (Y, *)( M ( T (A') w ,m),*) has cw homotopy type. By Proposition 4.3.6 it 
follows that r(F( fl ) ) is trivial, and that T(A')^ R - ) only admits finitely many nontrivial 
direct summands. 

Since r(F^) is trivial, is a rational group. In particular, F <£> Q = ^r), 
and consequently (F ®Q)/F is torsion away from i?. In other words i? n S 1 = 0. 
Now we consider 

Ext(T(A'),F) s Hom(T(A'), ^f 2 ) = Hom(T(A') (p ), 

pes 

(Note that from boundedness of Ext(T(A'), F) it also follows that R n 5 = 0.) 

Since for p E S the torsion group (F^/F)^ is divisible, and Ext(T(A'), F) is 
bounded, T(A')( p ) must be reduced, and bounded as well. Furthermore, T{A')^ 
can be nontrivial for at most finitely many p G S. Hence T(A')^ itself is bounded, 
and as such a direct summand of A'. As above, it follows that (Y, *)( M ( T ( A )(s)>™)>*) 
has CW type. As a bounded group, T(A')^s) splits into a direct sum of finite cyclic 
groups, say T(A') (S) = ©A eA G A . Consequently (Y, *)( M ( T ( A ')( S ),™),*) is homotopy 
equivalent to the product 

JJ(y )+ )(M(C>,m),*)_ 

AeA 

Since all factors are noncontractible, A must be finite by Example 1 on page 4. In 
particular, T(A')^s) is a finite group. 
We decompose 

T(A') ^T(A') {R) ®T(A') {S) ®T". 

Since T" has trivial (P U 5)-torsion, the space (Y, *)( M ( T < m )>*) is contractible by 
Lemma 4.3.10. Hence (Y, *)( M ( T ( A ').™).*) has CW homotopy type by Lemma 0.0.5. 
By the above we already know that 
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is a weak homotopy equivalence, hence it is a genuine homotopy equivalence, and 
the fibres are contractible. The fibre over the constant map is homotopy equivalent 
to 

(y- ^(M(A7T(A'),m),*)_ 

If A' /T(A') is nontrivial then by Proposition 4.3.9, G is bounded. Thus G = 
T{G) — T(G)(p), and the bound of G is a number whose prime divisors equal P. 
This concludes the proof of necessity. 

Conversely, if G is P-bounded, A' is P-divisible and T{A')^ P ) only admits 
finitely many direct summands, then K(G, n)( M ( A > m )>*) which is equivalent to 
K(G, n )( M ( A lry m )<*) by Theorem 3.2.1 has CW homotopy type by Proposition 4.3.5 
and Proposition 4.3.6. 

If A' is a torsion group with A', p , = A', R -. divisible with finitely many sum- 
mands, A', s) finite, T(G) (R) bounded and F {R) rational, then K(G,n) M(A 'w m) has 
CW type by Proposition 4.3.6, K(G, n) M(A '( s >' m) has CW type by Milnor's theorem, 
and K{G,n) M{A '^ p ^' m) has CW type by Lemma 4.3.10. Then K(G, n) M ( A '^ 
has CW type by Lemma 0.0.5. 

An application of Lemma 4.3.7 concludes also the proof of sufficiency. □ 

Now we turn to the proof of Theorem 4.3.3. 

By Theorem 4.1.1 the necessity part is clear, and we have to prove sufficiency. 

Definition. Let C be a class of abelian groups. Then C is a Serre class if 

• for a short exact sequence — > A' — > A — > A" — > the group A belongs 
to C if and only if both A' and A" do, 

• if A and B belong to C then so do A ® B and A* B, and 

• for A £ C also Hi(K(A, 1); Z) e C, for all i. 

Lemma 4.3.11. Let R be a (finite) set of primes, and let Q be a set of primes 
(possibly empty) disjoint from R. Let C be the class of torsion abelian groups A 
such that 

• A(r) is the direct sum of finitely many cocyclic groups, and 

• j4(q) is finite. 

Then C is a Serre class with the additional property that if A 6 C and B is finitely 
generated, then A® B and A* B belong to C . 

PROOF. It suffices to show that the required properties hold for the class C p 
of torsion abelian groups that are isomorphic with a direct sum of finitely many 
cocyclic p-groups. 

Let I? be a divisible torsion p-group of finite rank, i.e. D is isomorphic to the 
direct sum of finitely many quasicyclic groups Z p oo . It follows easily by induction 
on the rank of D that 

• if E is a quotient group of D it is divisible with ranki? ^ rankD, 

• if C is a subgroup of D then C is the direct sum of cocyclic p-groups (and 
rankC ^ rankD). 

Consequently if A e C p and 

(*) -> A' -> A -> A" -► 

is exact, then A' 6 C p and A" e C p . 
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Conversely, assume that in (*) the groups A' and A" belong to C. We may 
decompose A' = D © F where F a finite p-group, and D is a divisible p-group of 
finite rank. Since D is injective, it also splits A, say A = D © F where F is an 
extension of F by A", i.e. 

-» F -> T -» A" -> 0. 

There exists a bound p m for F, and since ^4" is also isomorphic to the direct sum of 
a finite p-group and a divisible p-group of finite rank, p n A" is divisible for some n. 
Consequently also p m+n T is divisible. Considering a decomposition T = d(T)(Br(T) 
with d(T) divisible and r(T) reduced it follows that r(T) is bounded, and hence 
isomorphic to the direct sum of cyclics. Rank considerations imply that V belongs 
to C p , and hence so does A. 

For tensor and torsion products we note that if T is any torsion group, Z p oo ® 
T = 0, and for any group G, the torsion product Z p oo * G is isomorphic to T(G)r p y 

Since K(Z p oo, 1) is the colimit of lens spaces, we know that Hi{K{Z p o, , 1); Z) 
is isomorphic to Z p =c for i odd and zero for i even. 

If A G C p then Hi(K(A, 1);Z) G C p by the Kunneth theorem, combined with 
what we have shown above. 

Lemma 4.3.12. Let C be as in Lemma 4-3.11 and let 
be a an exact sequence with B finitely generated and A' G C. 
the group H i {K{A 1 m)-,'L) is given by an extension 

-> B t -> Hi(K(A,m);Z) A\ -► 

with Bi finitely generated and A\ G C. 

Proof. We consider the Serre homology spectral sequence of the fibration 
K(B,m) — > K(A,m) —> K(A',m). By Lemma 4.3.11, for the E^-tcrm 

El q = H p (K(A',m);H q (K(B,m))) 

we have E^ a finitely generated group and E^ q G C for p ^ 1. Since finitely 
generated groups and C are Serre classes, also is finitely generated, and E^ q G C 
for p ^ 1. This implies that for each i, the group Hi(K(A,m)) has a filtration 
F < Fi < .. . < F n = Hi(K(A,m)) with F finitely generated, and F J /F J - 1 G C 
for positive j. Set Bi = F and suppose that for some j, the group Fj^i/Bi belongs 
to C. Then also Bi ^ F,-, and Fj/Bi is given by the extension 

- Fj-i/Bi - Fj/Bi - ^/^--i - 0. 

By inductive hypothesis, Fj-i/Bi G C, and since Fj/Fj-i G C, also Fj/Bi G C, and 
our assertion follows. □ 

PROOF of Theorem 4.3.3. By Theorem 4.1.1 the case to ^ n is already con- 
tained in Theorem 4.3.1. So we assume that to < n. 

Assume that G is a P-bounded group (with G * Z p ^ for all p E P) and 
that A is given by an extension Q^B^A^A'^0 where A' is P-divisible 
and T(A')(p) is the sum of finitely many quasicyclic groups. Let T" = T(A') and 
$ = A' /T' . The kernel T of the composite A — > A' — > <!> is given by the extension 
P -> L -> V. 

Consider the fibration K(T(p),m) — > if(^4(p),TO) — > if ($(p), to). Since $ is 
P-divisible and torsion-free, $(p) is a rational group. Hence if (<I>(p), to — 1) is a ra- 
tional space, and thus (if(G»,*) ( ' ff(<I,(p) ' m ~ 1) '* ) - {K(G, n+1), *)( s ' K (*<p)' m ^ :L )'*) 
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is contractible by Proposition 4.3.5. Since K(&( P ),m — 1) is the homotopy fibre of 
K(T(p),m) — > K{Ai yP ) 1 m) 1 the map 

P(G,n) K(A <^< m) -> K(G,n) K{r (r)> m ) 

is a homotopy equivalence by Proposition 3.1.1. By Theorem 3.2.1, K(G, n) K ^ A ^ ,m ^ 
is homotopy equivalent to K(G,n) K ( A ' m \ so it suffices to prove that the space 
K(G,n) K< - r (Fh m ) ~ #(G,n) K ( r ' m ) has CW homotopy type. 

By Lemma 4.3.12, for each i the homology group Hi = Hi(K(T, m)) is the ex- 
tension of a finitely generated group by a torsion group whose P-part is isomorphic 
with the direct sum of finitely many cocyclic groups, say — > Pj — > Hi — > T, — > 0. 
Set y = K(G,n). Since P, is finitely generated, (F, has CW type if 

and only if (Y, *)( M ( T i.O,*) has, by Lemma 4.3.7. We split 

T; = Ti © T 2 © T 3 

where Ti = Tir r \ P \, T 2 is the direct sum of finitely many quasicyclic groups and 
T 3 is a finite P-group. By Corollary 0.0.5 the space (Y, *)( M ( T *- < ).*) has CW type 
if and only if the (Y, *)( M ( T J' < ),*) ) for 1 <C j <^ 3, have. The space (Y, *)(M(T 1 ,i),*) 
is contractible by Proposition 3.2.4, and (Y, *)( M ( T 3>*)>*) has CW type by Milnor's 
theorem. Furthermore, (Y, *)( M ( T2 >*)>*) has CW type by Proposition 4.3.6. 

Thus (if(G,n),*)( K ( r < m )'*) has CW type by Theorem 4.1.1, and consequently 
K{G, n) K ^ A - m ^ has CW type, as claimed. 

Assume the notation of the statement of Theorem 4.3.1. Our second case is 
that A' is torsion with A'^ the sum of finitely many cocyclic groups, A'^ SuP ^ R - > is 
a finite group, T(G)(r) is bounded, and is rational. 

By Lemma 4.3.12 every Hi = Hi(K(A,m)) is given by an exact sequence 
— > Bi — > Hi — > — > where Pi is finitely generated, and A\ is torsion such 
that A'iip\ is isomorphic with a direct sum of finitely many cocyclic groups, and 
A'i(suP\R) is finite. 

Since Bi is finitely generated, (Y, *)( M ( i? *> 1 )'*) has CW homotopy type if and 
only if (Y, *)( M K>*)>*) has. Split 

A' ^ A' ffi A' ffi 4' 

-r±i — -Ti^ -^2 ^ 3 

where A[ is a P\ (S'UP)-group, A' 2 is isomorphic with a direct sum of finitely many 
P-quasicyclic groups, and A' 3 is finite. Then (Y, *)( M K.0>*) and (y^)(M(A^,i),*) 
have CW type by Corollary 4.3.2, and (y, hag cw type by Mi i nor ' s 

theorem. Consequently (Y, *)( M (^i' l )>*) has CW type by Corollary 0.0.5, hence so 
has (y, *)(M(iTi,i),*) ) and hence so has (y ; „)(K(A,m),*) ; by T h corcm 4.1.1. □ 

4.4. Spaces of maps into K(G, 1) 

Proposition 4.4.1. Let X fee a connected CW complex with base point xo. 
Pick a base point y in K{G, 1). Then (K(G, 1), yo)^^ ^ has CW homotopy type 
if and only if for each g: (X,x ) — > (K(G, 1), *) t/iere exists a /sraie subcomplex L 
of X ( containing x ) such that the induced function 

(*) Hom(7Ti(X, x ), G) — > Hom(7Ti(L, a; ), G) 

on/y sends ifte c/ass [g] to 
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Proof. The condition is necessary by Lemma 2.2.8. 

For sufficiency, note that 'injectivity' of (*) implies that the path component of 
g in (K(G, 1), yo)^ X ' x °^ is open, and Lemma 4.4.3 below concludes the proof. □ 

We note the easy 

Lemma 4.4.2. Let Y be an aspherical space of CW type with base point yo and 
let X be a connected CW complex with base point xq. Then for any g: (X,xq) — > 
(Y, yo) the path component of g in (Y, yo)^' 210 ' is weakly contractible. □ 

Lemma 4.4.3. Let (X,x ) be a based connected CW complex and let Y = 
K{G, 1). The space (Y^yo)^^^ has contractible path components, for any yo e Y. 

Proof. With no loss of generality assume that X has a single 0-cell which is 
xq. Let g: (X,xo) — > (Y,yo) be a map, and let C denote the path component of g 
in (Y, yo)( x,x °^ ■ Let be any countable subcomplex of X and let K\ < K 2 ^ . . . 
be a filtration of finite subcomplcxes for K^. For L ^ X let Cl denote the image 
of C under {Y,y ) {x > Xo) -> {Y,y ) {L ' Xo) . 

By Lemma 4.4.2 and Milnor's theorem the spaces Cki are contractible. By (i) of 
Lemma 1.3.8 so is Ck^ = hnij Cj^. Then by Theorem 2.2.6 also C is contractible, 
as claimed. □ 

4.5. CW complexes X such that Y x has CW type for 'all' Y 

We close this chapter by showing that Milnor's theorem cannot be improved in 
the sense that if for a space X the function space Y x has CW homotopy type for 
all CW complexes Y, then X is 'almost finitely dominated'. We begin with a few 
preliminary results. 

Lemma 4.5.1. Let A be an arbitrary abelian group. 

(i) The torsion-free rank o/Hom(A,Z) is at least d if and only if A admits a 

direct summand which is a free group of rank d. 
(ii) If the torsion-free rank of Hom(^4, Z) is exactly d then there exists a de- 
composition A = 7L d A' with Hom(A', Z) = 0. □ 

PROOF. See Fuchs [20], §43, Exercise 10. □ 

PROPOSITION 4.5.2. Let X be a connected CW complex. Then K(Z,n) x has 
CW homotopy type if and only if the groups Hi(X) are finitely generated for 1 < 
i < n — 1, and there exists a decomposition H n (X) = Z d ®H' with Hom(iJ', Z) = 0. 

Proof. By Theorem 4.1.1 and Theorem 4.3.1 combined with Milnor's theorem 
the sufficiency part is clear, and so is the necessity part except for the splitting of 
H n {X). 

If K(Jj, n) x has CW type, then by Theorem 4.3.1 there exists a finitely gen- 
erated subgroup B of H n (X) such that Hom(H n (X), Z) — > Hom(_B,Z) is injec- 
tive. Since Hom(_B,Z) is free of finite rank, the desired splitting follows from 
Lemma 4.5.1. □ 

Recall that a CW complex X is called quasifinite (sec Mislin [44]) if @ n H n (X] Z) 
is a finitely generated abelian group. 

Theorem 4.5.3. a. Let X be a connected CW complex. Then the fol- 

lowing are equivalent. 
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(i) For each i ^ 1, the group Hi(X) is finitely generated. 

(ii) For each nilpotent CW complex Y with finitely many nontrivial ho- 
motopy groups, the space Y x has CW homotopy type. 

(iii) For each n ^ 2 the path component C of the constant map in K(Z, n) x 
has CW homotopy type. 

b. Let X be a connected CW complex and let n > 2. Then the following are 
equivalent. 

(i) For each 1 i ^ n, the group Hi(X) is finitely generated. 

(ii) For each nilpotent CW complex Y with iTk(Y) = for k ^ n + 1 the 
space Y x has CW homotopy type. 

(iii) For each abelian group G the space K(G, n) x has CW homotopy type. 

c. Let X be a nilpotent connected CW complex. Then the following are equiv- 
alent. 

(i) The space Y x has CW homotopy type for every CW complex Y. 

(ii) The path component C of the constant map in Y x has CW homotopy 
type for every simply connected CW complex Y of finite type. 

(iii) X is dominated by a finite CW complex. 

d. Let X be any connected CW complex. Then the following are equivalent. 

(i) For every CW complex Y the path component C of the constant map 
in Y x is open and has CW homotopy type. 

(ii) There exists a finite subcomplex L of X such that the quotient Xj L 
is homotopy equivalent to a finite CW complex. 

e. Let X be a connected CW complex and n ^ 2. Then X is homotopy 
equivalent to a complex with finite n-skeleton if and only if-Ki(X) is finitely 
presented and Y x has CW type for all CW complexes Y with TTk(Y) = 
for k ^ n + 1 . 

f. Let X be a connected CW complex. Then X is finitely dominated if and 
only if ir i (X) is finitely presented and Y x has CW type for all CW com- 
plexes Y. 

Proof. a. Implication (i) => (ii) follows by Proposition 2.6.4, Theo- 

rem 4.1.1 and Milnor's theorem. 

Let n ^ 2 and assume that the path component C of the constant 
map in (K(Z, n), *)( X '*) (if and only if the path component of the constant 
map in K(Z,n) x ) has CW homotopy type. By Corollary 2.2.9 it follows 
that the cohomology groups H l (X; Z) are finitely generated for i < n — 1. 
Hence the homology groups Hi{X) are finitely generated for i ^ n — 2. If 
this holds for all n ^ 2, it follows that the Hi(X) are finitely generated 
for all i. This shows (iii) ==>• (i). 

b. We need only show (iii) (i). As above, by taking G = Z it follows 
from Corollary 2.2.9 that the Hi(X) are finitely generated for i ^ n — 1. 
Let B be the set of all finitely generated subgroups of H n (X), and define 
G = H BeB H n (X)/B. By Corollary 2.2.9 it follows that H n (X) = B for 
B the image of H n (L) — > H n (X) for some finite subcomplex L of X . 

c. Assume that the path component C of the constant map in Y x has CW 
homotopy type for every simply connected CW complex Y of finite type. 
By a. it follows that H*(X) is of finite type. Let Y be a simply connected 
CW complex with TTk(Y) = Z for all k ^ 2 and all fc-invariants trivial. 
In other words, Y is weakly equivalent to the product Ilfc>2 ^"(^> By 
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Lemma 2.2.8 there exists a finite complex L such that for all k ^ 1 the 
morphism 

[S k X,Y], - [s fe L,y]» 

is injective. By choice of Y this morphism is the product morphism 
Y[ (H J - k (X;Z) -> iP'- fe (L;Z)). 

It follows that there exists a number TV with H t (X\'L) = for i ^ N and 
consequently Hi(X) = for i ^ N. Thus X is quasifinite, and nilpotent 
by assumption. Hence it is finitely dominated by Mislin [44] . This shows 
(ii) (iii). 

Assume (i). The proof of (ii) => (iii) of c. shows that X is quasifinite. 
Let L be any finite subcomplcx of X. Consider the fibration Y x — > 
Y L . Let C, respectively Cl, denote the path component of the constant 
map in Y x , respectively Y L . Then C — * Cl is a fibration, and since 
C has CW type, so has the fibre Fl over the constant map. Note that 
F L = Cfl (y, *)( X < L ) is open in {Y,*) {X ' L \ The path component C of 
the constant map in (Y, *)( X ' L } is a path component of Fl, and since Fl 
has CW type, C is open in F^, and has CW type. Hence C is open in 
(Y, *)( X > L ) which is homeomorphic with (Y, *)( X / L '*). 

By Lemma 4.5.4 there exists a finite subcomplex K of X such that 
the function 

[X,#(7ri(X/M,*),l)]* [L,A-(7ri(X/M,*),l)], 

is injective for all finite subcomplexes M and all finite subcomplexes L 
containing K. It follows that wi(X/L, *) is trivial for all finite L containing 
K. Thus AT/L is simply connected, and is quasifinite, hence is homotopy 
equivalent to a finite complex. 

Conversely, assume that for some finite subcomplex L of A the quo- 
tient X/L is homotopy equivalent to a finite complex. Consider the fibra- 
tion Y x — > Y L . By Milnor's theorem the fibre over the constant map has 
CW homotopy type, hence by Stasheff 's theorem the preimage C of the 
path component of the constant map Cl in Y L has CW type, and is open 
since Cl is open in Y L . Since C is a union of path components of Y x 
which contains C, C has CW type and is open in C, and hence in Y x . 
Let 7r be a group and let M be a left 7r-modulc; that is we are given a mor- 
phism h: 7T — > Aut(M). Further let k > 2. By Gitler [23] there exists a 
(pointed) space L 7r (M, k) and a 'fundamental class' u £ H k (L 7r (M, k); h, M) 
such that the assignment 

[A, L W (M, k)] a -^H k (X; ha, M), [/] ~ /*(«), 

is a bijcction. Here [X, L n (M, k)] a denotes those pointed classes [/] 
for which /# : 7Ti(X) — ► 7Ti(L 7r (M, k)) — ir realizes a given morphism 
a: ■k\{X,xq) — ► 7r. 

Let now 7r = 7Ti(A, xo). By our assumption and Lemma 4.5.4 there 
exists a finite subcomplex K of X such that the restriction induced func- 
tion 



[A, L n (M, k)]* - [if, L^M, k)]* 
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is an injection for all k with 2 ^ k ^ n and all (ft, M) belonging to a given 
set M. of left tt- modules. 

Denote the inclusion i : K — > X. Note that (f) maps the set [X, L 7T (M, k)]i 
to [if, L 7T (M, k)]i # . Hence the natural bijection (*) together with (f) show 
that 

(t) H k (X;h,M) -» H k (K;hi#,M) 

is a monomorphism for 2 ^ fc ^ n and all M e A4. 

Assume that A4 = {(/ia, M>) | A G A} is a system of left 7r-modules 
indexed by a directed set A and let (ftoo, M^) = coliui\(h\, M\). 

Consider the following commutative diagram. 

colim H k (X;h x ,M x ) > H k (X; h^, M^) 



colim H k {K-h x i # ,M x ) > H fc (X;^ 00 z # ,M co ) 

Since if is a finite complex, the bottom horizontal arrow is an isomorphism 
by Theorem 1 ofK. Brown [2]. Since H k (X; h x , M x ) -> H k (K;h x i # , M x ) 
is injective for all A so is the induced map of colimits. By commutativity 
also 

(*) colimH k (X;h x ,M x )^H k {X;h 00 ,M 00 ) 

is injective. In particular if = 0, also colim^ H k (X; h\, M x ) — 0, for 
2^k^n. 

Let X denote the universal cover of X at x - If fti{X) is finitely gen- 
erated, then we may assume X to have a single 0-cell x and finitely many 
1-cells. Thus Ci(X), for i = 0, 1, are finitely generated (free) Z7r- modules. 
By Theorem 2 of [2] it follows that if = then colim A H k (X;h x ,M x ) = 
for k = 0,1. Reapplying Theorem 2 of [2] it follows that for any direct 
system {(h x , M x ) | A} with colimit (ftoc, M M ) the morphism (*) is an iso- 
morphism for k < n and a monomorphism for k = n. Our claim follows 
by Wall [63], Theorem A. 
f. Assume Y x has CW type for all CW complexes Y. Proceeding as above 
we may assume that, in addition, ($) is a monomorphism for all k ^ 2. 
Thus X has finite cohomological dimension and is finitely dominated by 
[63], Theorem F. (See also Mislin [45], Theorem 3.4). □ 

We say that a space Z is n-coconnected if TTk(Z) = for all k > n + 1. 

Lemma 4.5.4. Let X be a connected CW complex such that Y x has CW ho- 
motopy type for every CW complex Y (respectively every CW complex Y with 
7r fe(^) = for k ^ n + 1). Then for any set 

{Y x | A e A} 

of arbitrary CW complexes (respectively of n-coconnected CW complexes) there ex- 
ists a finite subcomplex K of X such that for any K and every X, the restriction 
induced function 

[X,Y X ]* - [L,Y X ]* 
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is injective. 

Proof. Let Y be a connected CW complex. Pick a choice function [X, Y]* — > 

(y,*)( x <*\ say Ch>j(C). Set 

n ^ 

C€[x,y]» 

and let u>: — > Z be a CW approximation for Z. By contracting a path in W 
if necessary we may assume that for some wo € W we have w(wo) = = {2/0 }• 
Note that Z is path-connected, and since (Z, z Y s w JJ c (Y,yoY s '*\ also Z is 
n-coconnected if Y is. The same properties hold for W, and thus by assumption, 
(W, w ) (X,:Eo) has CW homotopy type. 

Note that u> induces a natural equivalence of functors lu# : [_, W] * — > [_, Z\ * . 

Define r= X -► Z by T = {T c } c where T c = g(C), and let G: X -» be a 
representative for w# [r]. 

There exists a finite subcomplex K oi X such that for any L containing K the 
restriction induced function [X, W]* — > [L, W]* is 'injective at G", that is, if for 
some function F: X — ► the restriction F|l is homotopic to G|l, then F and G 
are homotopic. 

In view of the natural equivalence the function [A, Z]* — > [L, Z]» is 'injective 
at T'. Assume that for /, g: X — > y the restrictions /|l : £ — > y and : i — > Y 
are homotopic. With no loss of generality we may assume g = g(Co) for some Co- 
We define $ = {*c} c : * -> Z by 

$c - .9(G) if G ^ Go and $ Co = /. 

Then clearly and T|i are homotopic. Therefore $ and T are homotopic. By 
projecting the homotopy, it follows that / and g are homotopic. We have shown 
that [X, y]„ — > [L, y]» is injective for any L containing if. Applying this with y 
the CW approximation of Y[\ Y\ we prove the lemma. □ 



CHAPTER 5 



Spaces of maps into finite type Postnikov sections 

For a CW complex Y let Y(k) denote the fc-connected cover of Y. In this 
chapter our aim is to prove Theorem 5.0.1 below. In Example 11 on page 81 at 
the end we illustrate one of the reasons for the discrepancy between the necessary 
conditions and the sufficient conditions given. 

Theorem 5.0.1. Let X be a simply connected CW complex and let Y be a 
simply connected complex of finite type with 7Tfc(Y) = for all k ^ n+ 1, and 

7r„(y) + o. 

Set r = sup {k | irk(Y) ®Q^0} and let r p = sup {k \ 7Tfc(Y) * Z p ^ 0} for a 
prime p. As usual, we understand sup0 = — oo. 
If Y x has CW type then the following hold. 

(1) For i ^ r — 2 the group Hi(X) is finitely generated, and there exists a 
decomposition if r _i(X) = Z^- 1 © H' r _ x with Uom(H' r _ 1 , Z) = 0. 

(2) For each i ^ n there exists a finitely generated subgroup Bi ^ Hi(X) (we 
may assume B r _\ ^ Z dr_1 and Bi = Hi(X) for i ^ r — 2) so that 

a. For i SC r p the quotient Hi{X)/ Bi is p-divisible, and moreover 

b. for i < r p — 1 the divisible p -localization (Hi(X)/B i )( p - ) admits a 
direct sum decomposition into Q (B (®j Z p00 ) where Q is a rational 
group and j ranges over a finite set. 

If, in addition, either X is an H-cogroup or Y(r — 1} is an H-group orr^n — l 
then in fact 

(1*) for i ^ r — 1 the group Hi(X) is finitely generated and there exists a 
decomposition H r (X) = Z dr (B H' r with Hom(i^,Z) = 0, and we may 
assume B r ^ Z dr . 

Conversely, conditions (1*) and (2) are sufficient for Y x to have CW type. 

Remark. The (r — l)-connected cover of Y in the statement of the theorem 
admits the structure of an i?-group for example if n ^ 2r — 3, sec Copcland [67], 
section 3.2, in combination with Spanicr [58], Chapter 7, Exercise H. 

We record a few auxiliary results. See Section 4.3 for a recollection of some 
definitions and results from the theory of abelian groups. 

LEMMA 5.0.2. Let P be a finite set of primes and let A be a P-divisible abelian 
group. 

(i) If A has an element of infinite order, then for each p G P there exists a 

subgroup of A, isomorphic to Z[-]. 
(ii) If A has an element of order p £ P then A contains Z p =o as a direct 
summand. □ 

Proposition 5.0.3. Let A be an arbitrary abelian group. 
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a. // Hom(A, Z p n ) is finitely generated, then there exists a finitely generated 
subgroup B of A so that A/B is p-divisible, and consequently (A/B)t p \ = 
Ai p \/Bi p \ is a divisible p-local group which is trivial if and only if A/B 
is P \ {p}-torsion. In particular Hom(A, Z p n) is finite. If (A/B)( p ) is 
nontrivial, then B can be so chosen that A/B contains Z p oo as a direct 
summand. Moreover, B may be replaced with any bigger finitely generated 
subgroup without affecting the properties stated. 

b. // also Ext(A,Z p «) is finitely generated (and hence finite), then in the 
splitting (A/B)( p ) = ( ©i Q) © ( ©j Z p oo) the index j must range over a 
finite family. 

PROOF. Since A/pA is a vector space over Z p , it is isomorphic to a direct sum 
A/pA = ©atZj,. Apply Hom(_, Zpn) to the exact sequence — > p ■ A — > A — > 
A/pA — > to note that Hom(©ArZ p , Z p n) = YIn ^p 1S a subgroup of Hom(A, Z p n). 
Then N must be finite if Hom(A, Z p ™ ) is finitely generated. 

Choose a finite subset S of A whose image generates A/pA and let B = 
(S). Then B/pB — > A/pA is onto which shows that A/B is divisible by p. By 
Lemma 5.0.2 the localization (A/B)/ p ^ is trivial if and only if A/B is F \ {p}- 
torsion. If this is not the case, then A/B contains a subgroup isomorphic to cither 
Zpoo or Z[|]. In the latter case enlarge S to kill the subgroup Z of Z[|] in A/B to 
obtain Z p °o . 

Let B' be a finitely generated subgroup of A that contains B. The sequence 
-> B'/B -> A/B -» A/B' ^ is exact. This is to say that if A/B is p-divisible, 
so is A/B', and if A/B is P \ {p}-torsion, so is A/B'. Moreover if A/B contains 
a subgroup isomorphic to Z p =c then A/B' contains a subgroup isomorphic to a 
quotient of Z p =c modulo a finitely generated subgroup, which is again isomorphic 
to Z p «> . 

Since (A/B)^ is a divisible p-local group it is isomorphic to the direct sum 
of a rational group R and some copies of Zj,oo 7 say of cardinality M. Then 
Hom(A/B, Z p n) is trivial and 

Ext(A/B,Z pn ) ^Ext((A/B) (p) ,Zp») =]JV- 

M 

An application of Hom(_, Z p « )to0^£>^A^A/B^0 concludes the proof. □ 

Lemma 5.0.4. Le£ i? &e an infinite set of primes and let A be an R-torsion 
group. If A is not finitely generated, then Ext(A, Z) contains an uncountable R- 
local subgroup. 

Proof. We split A into the direct sum of r-primary components A = © rG ^A( r ) . 
Since A^ is torsion, the sequence — > Ext(A/ r ) <E> Z r ,Z) — > Ext(A( r ), Z) is exact. 
If A( r ) Z r is infinite then Ext(A/ r ), Z) contains as a subgroup an infinite product 

If At r \ ® Z r is finite then for a finitely generated subgroup B of Ai r ^ the quo- 
tient A( r )/B is r-divisiblc. Since A^/B is r-torsion, it contains Z r oo as a direct 
summand, if it is nontrivial. Again — ► Ext(A/ r )/B, Z) — » Ext(A( r ), Z) is exact, 
hence Ext(A( r ),Z) contains a subgroup isomorphic to Z r . 

If for all r the group A( r ) is finitely generated, and A itself is not finitely 
generated, then A splits into a direct sum ©agaCa where A is infinite and for each 
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A £ A, the summand C\ is a cyclic group of order a power of some element of R. 
Then Ext(A, Z) = JIa Ca, and the result follows. □ 

Lemma 5.0.5. Let H be an abelian group with a finitely generated subgroup B 
such that the quotient H/B is p-divisible for some prime p. Then Homffl", Z) is 
finitely generated hence H admits a splitting H = Z d © H' with Hom(i?',Z) = 0. 

PROOF. The exact sequence — > B — > H — > H/B — > induces the exact 
sequence ->■ Hom( J ff/ J 9, Z) ->■ Hom(iJ, Z) -> Hom(B, Z) -»• . . . . Since H/B is in- 
divisible, Hom(H / B , Z) = 0, hence Hom(H, Z) is finitely generated by Lemma 4.5.1. 

□ 

For convenience we record another easy lemma. 

Lemma 5.0.6. Let Q,P C P where P denotes the set of all primes. Set P' = 
F\P. Let 7T be a finite Q-torsion group. Let H be an arbitrary abelian group with 
a finitely generated subgroup B. 

(i) Suppose that the quotient H/B is P-divisible. Then Hom(iJ, n) is iso- 
morphic to a direct sum of a finite Q fl P-group and a Q n P' -bounded 
group. 

(ii) Suppose that the quotient H/B is Q-divisible, and the (divisible) local- 
ization (H/B)(q) is isomorphic to the direct sum of some copies of the 
rationals Q, some copies of groups with q G Q \ P and at most 

finitely many copies of groups Z g oo with q G QnP. Then Ext(iJ, n) is an 
extension of a Q n P' -bounded group by a finite Q fl P-group. □ 

Lemma 5.0.7. Let B be a bounded abelian group. Let Z p denote the group of 
p-adic integers, Z p = limZ p ;. Any morphism Z p — > B factors through a canonical 
projection 7r„: Z p — ► Z p ™; hence the kernel is isomorphic to Zp. 

Proof. With no loss of generality we may assume that B is a bounded p- 
group. By the theorem of Priifer and Baer (see Proposition 4.3.4) B decomposes 
as B = 0^ G M where the Cp are cyclic p-groups bounded by a common bound, say 
p n . Set G r =7L r . 

First we determine Hom(Z p ,G r ). The quotient Z p /Z is divisible, G r is a 
reduced group, and Z is free, hence the exact sequence obtained by applying 
Hom(_, G r ) to — > Z — ► Z p — > Z p /Z — > simplifies to 

-> Hom(Z p , G r ) -> G r -> Ext(Z p /Z, G r ) -> Ext(Z p , G r ) ->■ 0. 

The natural projection 7r r : Z p — > G r is clearly nontrivial, hence Hom(Z p , G r ) = G r 
and every morphism Z p — > G r is obtained as the composite of 7r r followed by an 
endomorphism G r — > G r . 

Evidently then for r < n every morphism Z p — > G r factors through G„ since 
G r G„. 

As for the general case, since 0^ G M < LJ^ Gp, a morphism Z p — > B may be 
viewed as a morphism Z p — > Yl Since G M = G Tii with r M ^ n, it follows by 

the above that tp factors as a composite Z p 7L v -n. —*'\\C tl . Since the projection 
7r„ is surjective and tp maps to G M , so does tp. □ 

Lemma 5.0.8. Let P = i°UP' be a partition of the primes. Let A be a P' -local 
group, and let G be a P-bounded group. Then Hom(A, G) = 0. 
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PROOF. Since G is P-local, Hom(A, G) is isomorphic to Hom( A/m , G) . Since 
A is P'-local, its P-localization ^4(p) is a rational group. In particular, it is divisible. 
As it is bounded, G is a reduced group, hence Hom(A(p) , G) = 0. □ 

Convention. As discussed in section 4.3, the torsion-free rank and p-ranks 
for primes p are invariants of a divisible abelian group A. Instead of saying that the 
p-rank of a divisible group A is finite we will also say that A admits only finitely 
many p-torsion (or quasicyclic) summands. 

Lemma 5.0.9. Assume that iTk(Y) = for k ^ n + 1, and that for some to ^ n, 
the skeleton T = X^" 1 ^ 1 ^ is compact. If Y x has the type of a CW complex, then 
there exists a finite subcomplex L containing T so that the morphisms 

(t) H m (X, T; 7r„(y)) - H m (L, T; ir n (Y)), and 

(t) H m+1 (X,T-ir n {Y) ^ H m+1 {L,T;n n (Y)) 

induced by inclusion are infective. 

PROOF. By Stasheff's theorem the fibre (Y, *)< X / T >*) of (Y, *)< x <*) (Y, *) (7>) 
over the constant map also has CW type. We appeal to Lemma 2.2.8 with X/T in 
place of X and infer the existence of a finite subcomplex L of X containing T such 
that the functions 

f3 k : [S k A (X/T), Yl - [S k A (L/T), Y], 

are 'monomorphisms'. We are interested in cases k = n — m and fc = n — m — 1. 
Let Wi denote the z-connected cover of Y. For connectivity reasons we may replace 
Y with W n -i in case k = n — m, respectively W n -i in case k = n — m — 1. Since 
W n -i is an Eilenberg-MacLane space K(ir n (Y),n), the function /3„_ m is equivalent 
to the natural morphism H m (X/T;w n (Y)) H m {L/T-ir n {Y)) and the assertion 
follows if fc = n — to. 

If fc = n — to — 1 then we may assume a fibration F IV„_2 — > P with F and 
P> Eilenberg-MacLane spaces. Then the induced map (W„_ 2 ,*) ( ' 4 '*' — > (B,*)^-*^ 
is a fibration for any CW complex A (see Proposition A. 0.2). The fibre over the 
constant map is (F, *)( A '*\ Using naturality of this construction in A (applied to 
inclusion L/T — ► X/T) and naturality of the arising long homotopy exact sequence, 
the assertion follows easily also in this case. □ 

Proof of sufficiency of Theorem 5.0.1. By Proposition 2.6.4 it suffices 
to show that for each j the space (K(njY,j), has CW type. Then by Propo- 

sition 2.6.3 it suffices to show that for each i the space (K(njY, j), *)( M ( H i x > l )>*) 
has CW type. 

Let Tj denote the torsion subgroup of iTjY. Then iTjY = Tj © where Vj is 
the rank of the free abelian group irjY/rj. Hence K(iTjY,j) ~ K(rj,j) x K(fL,f) Vj 
and 

K(njY,j) M ^ x ^ ~K( Tj ,j) M ( H * x ^ x [K(Z,j) M ^ x ^] Vi . 
Conditions (2) and (1*) now justify the application of Theorem 4.3.1 and Proposi- 
tion 4.5.2 to conclude the proof. □ 

We turn to necessity. 

First note that if r < n, and (2) of Theorem 5.0.1 holds then the quotient 
H r (X) / B r is divisible by some prime, and Lemma 5.0.5 implies the existence of a 
decomposition H r (X) ~ Z d - © H' r with Hom(P;, Z) = 0. 
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Step 1. There exists a finite subcomplex L of X so that the space Fl = 
(Y, *)( X / L '*) has finitely generated abelian homotopy groups nk for k ^ 1 and at 
most a countable set of path components. 

Proof. By Proposition 1.1.2 there exists a finite subcomplex K of X such 
that for all L ^ K the fibre Fl of Y x — > Y L over the constant map deforms in Y x 
to a point. Since Fl is homeomorphic to (Y, *y x / L <*\ we infer immediately from 
the fibration homotopy exact sequence that for k ^ 1 the group 7Tfc(i<Y,, *) is finitely 
generated abelian and that the set of path components tto(Fl) is at most countable. 
Moreover Fl is an H-space (not necessarily homotopy associative or with inverse). 
We may assume a minimal decomposition for X (in the sense of Lemma 4.0.1) and 
hence for some to ^ 2 the skeleton X^ 711 ^ 1 ^ is finite. Therefore we may choose L 
so that it contains _Y/( m_1 ) and consequently that the (to — l)-skeleton of X/L is 
trivial. □ 

Step 2. Assume that r = n, i.e. the top group n n (Y) contains a Z summand. 
Then the groups Hi{X) are finitely generated for i < n — 1, and there exists a 
decomposition H n (X) = Z d © H ' with Hom(H' , Z) = 0. If the torsion subgroup r n 
of -K n is nonempty, then there exists a finitely generated subgroup B' ^ H' with the 
quotient H'/B' divisible by any prime t with r„ (g> Z t nontrivial. 

Proof. Assume inductively that X has finite (to — l)-skeleton for some to ^ 2. 
Assume also to ^ n — 1. It follows from Lemma 5.0.9 that both H m (X; ir n Y) and 
H m+1 (X;w n Y) are finitely generated. In particular, H m (X;Z) and H m+1 (X;Z) 
are finitely generated, and hence H m (X) is finitely generated. The decomposition 
of X is assumed minimal and therefore X^ is finite. This may be continued until 
to = 72 — 1 , as asserted. For to = n — 1 we can still go on and apply Lemma 5.0.9 to 
conclude that H n {X;-K n ) is finitely generated, and hence that Hom(iJ„(X), Z) and 
Hom(77„(A), t„) are finitely generated. The asserted decomposition H n (X) = Z d © 
H' follows immediately from Lemma 4.5.1. Now Hom(H n (X), n n ) is isomorphic 
with a direct sum of Hom(H' , r„) and a finitely generated group. This implies the 
existence of B' as in the statement by Proposition 5.0.3. □ 

Convention. Let A be an abelian group and G, H two finite abelian groups. 
Let P be the (finite) set of primes p for which G ® Z p ^ and Q the set of primes 
q for which H © Z q ^ 0. 

By abuse of language, saying that A is a G-group we mean it is a torsion P- 
primary group; saying it is G-divisible, we mean it is divisible by primes belonging 
to P; saying it is G-bounded we mean that it is bounded by a number all of whose 
prime divisors belong to P; saying it is a GfliJ-group we mean it is a torsion P(lQ- 
primary group; saying it is G \ iJ-bounded we mean it is bounded by a number all 
of whose prime divisors belong to P\Q. 

In particular wc note that if B is G \ -ff-bounded and A is ii-bounded then 
Hom(^, B) = 0. 

Step 3. Assume that r < n. There exist finitely generated subgroups Bi ^ 
Hi(X) for 2 ^ i ^ n so that the following hold. 
(i) If r = —oo then for each i ^ n 

(Di) the quotient Hi(X) / Bi is T(7ri + i)U7Ti + 2U- • ■\J'K n -divisible, and fort G 
T(7Tj+i) U7Tj + 2 U • • • U7r„ the divisible localization (i?j_i(X)/Sj_i)( t ) 
contains at most finitely many torsion summands. 
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(ii) If r is positive then for i ^ r — 2 the groups Hi(X) are finitely gener- 
ated, and there exists a decomposition H r -i(X) = Z r_1 © H' r —\ with 
Hom(ff^_ 1 , Z) trivial. (Therefore it makes sense to assume r — m > 1.) 
Moreover, the property (Di) can be established for i > r — 1. 

PROOF. Set 5 = X/L. We consider the Federer spectral sequence converging 
to the homotopy groups of Y~. This is a second quadrant homology type spectral 
sequence with E 2 _ pq = H p (E;ir q Y) for q - p ^ 1 and E 2 _ pq < iP(E; 7T 9 Y) for 
<7 — p = 0. For details see Federer [17]. 

Set Hi = Hi(E) and ttj = tt,(F). 

Assume for a decreasing induction on k that for q — p = k (with q ^ r and 
p > 2) there exists a finitely generated subgroup £? p of H p such that 

(*) the quotient group H p /B p is T(ir q ) U 7r<j + i U • • • U 7r„-divisible, 
(**) for a prime i with t G 7r<j + i U • • • U7t„ the divisible i-local group (H p /B p ) 

admits only a finite number of torsion (i.e. Zioo ) summands. 
Using Lemma 5.0.6 it is easy to see that (*) and (**) imply that H p {E;ir q ) is 
a finite 7r g -group and E^_, +1 -. q = H P+1 (E; ir q ) is a split extension of a ir q \ (n q+ i U 
• • • U 7r„)-bounded group by a finite ir q n i^ q +i U • • • U 7r„)-group, say 

Evidently then for each u > 3 there exists an exact sequence 

7 -(p+l),9 ^ ^-(P+1),9 ~* F "(P+1),9 ^ 

where ^" (p+ i )i9 is a homology group of I^ +1 ^ q , and i^(p +1 ) )9 is a homology group 
of -P 1 "^ 1 ^!) q - In particular, ^"( p+ i) ? is a ir q \ (iTq+i U • • • U 7r„)-bounded group and 

F -(p+i),q is a nnite w i n ( 7r «+ 1 u ' ' ' u 7i"™)-group. 

For fc = n — m+l there is nothing to prove. Assume that the inductive hypoth- 
esis holds for k > max{r — to, 1} and consider the diagonal q—p = k—1. Suppose 
that for some u ^ 2 the subgroup J" of £?" p is not finitely generated. The group 
i"" p g is 7r 9 \ (7r g+ i U • • • U 7r„)-bounded, while E v : p _ u q+U _ 1 is 7r g+u _i-bounded (or 
even trivial), hence the kernel of d u : — > contains i^ p 5 - Since 

by inductive hypothesis the diagonal j — i = k has all entries E^_ i j finitely gener- 
ated, the group ^"p~ ;9 contains a quotient of I™ Ptq by a finitely generated subgroup 
and hence cannot be finitely generated. Hence I^ p _ q is not finitely generated. The 
contradiction implies that I- pq is finite, hence also the group H p (E;ir q ) is finite. 

Let 2 < p, q < n, and q — p — k — 1. Since q + 1 — p = k, our inductive 
hypothesis guarantees that the group H p /B p is ir q+ i U • • • U 7r„-divisible and that 
for t G Kq+2 U • ■ • U 7r n its localization (H p / B p )u\ admits only finitely many tor- 
sion summands. By the above the groups H P {E;-K q ) and H P+1 (E; ir q -i) are finite. 
In particular, the groups Hom(_ff p ,7r g ) and Ext(H p , 7r g _i) are finite. By Proposi- 
tion 5.0.3 we may enlarge B p to yield (*) and (**) for the pair (p, q). For q = n we 
get a finitely generated subgroup B n -k+i of H n -k+i such that the quotient group 
H„-k+i/B n - k+ i is 7r„-divisible. 

The above works as stated unless fc — 1 = r — to or fc — 1 = 0. Note that 
k — 1 = occurs if r = —oo. 

• If k — 1 = 0, then we have shown that the groups H 1 " 1 (S; 7T») are finite for 
all i. Let Wj denote the i-connected cover of Y for i ^ 1. We may assume 
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that K(ir n , n) = W n -i — > W n -i W2 — > Wi = F is a sequence of 

principal fibrations where for each i the fibre of Wi — > Wj_i is a K{-Ki, i — 
1). Therefore since [S, Wi]* — > [S, Wj_i]* collapses precisely the orbits 
of the action of 71^) on [S, Wi]*, it follows by a trivial induction 

that if [S, W„_i]* = H n (E; n n ) is uncountable then so is [S, Y] t which is a 
contradiction. Hence H n (E; 7r„) is finitely generated, there exists a finitely 
generated subgroup B n of H n such that H n /B n is 7r„-divisible, and B n _\ 
may be enlarged to assume that the divisible (H n _i / B n _\) contains at 
most finitely many Z 4 ~ summands if 7r„®Z 4 ^ 0. In particular, if n (S; 7r n ) 
is finite. 

• If — 1 = r — to, we proceed just as above, showing that the groups 
H p (E]TT q ) are finite for pairs (p,q), where q — p = k — 1 and q > r. 
This establishes (*) and (**) for p > to. Now consider the pair (m, r) 
corresponding to E 2 _ m r = _ff m (S;7r r ) = Hom(_ff m , 7iy). Since H m /B m is 
7r r+ i U • • • U 7r„-divisible the restriction Hom(iJ m , Z) — > Hom(_B m , Z) is an 
injection which by Lemma 4.5.1 implies the existence of a decomposition 
H m = 7L dm © H' m with Rom(H' m ,Z) = 0. Since B rn may be assumed to 
contain the summand Z dm there exists finitely generated B' m < 77^ with 
H' m /B' m isomorphic to H m /B m . 

Using Lemma 5.0.6 we note that Hom(i? m , 7r r ) is a split extension of 
a i> \ (7r r+ i U • • • U 7r„)-bounded group, say I_ m r , by a finitely generated 
group. Reasoning as above it follows that the group I_ mr is finitely 
generated. Hence also H m (E;Tr r ) is finitely generated. 

In particular, Hom(i? TO ,r r ) is finitely generated (in fact finite). By 
Proposition 5.0.3 we may enlarge B m so that H m / B m is r r U 7r r+ i U 
• • • U 7r„-divisiblc. As we already know that 7J m+1 (S; 7r r+ i) is finite, so 
is Ext(i/ m , 7r r+ i). Applying the inductive hypothesis we infer that the 
localization (H m / B m )u\ has at most finitely many torsion summands for 

t 6 7T r+ l U • • • U 7T„. 

We have assumed that r — m > 1 hence also fc — 2 = r — m — 1 1. 
On diagonal k — 1 there appear now only finitely generated groups and 
we may proceed as above to show that the groups 7r 9 ) are finite for 

all pairs (p, q) with g — p = k — 2 and q > r. This establishes (*) and (**) 
for p > m + 1. Now we consider -E 2 _( m+1 ) r — -ff m+1 (S; ir r ). Split 

ff m+1 (S; 7r r ) S Rom(H m+1 , V) © Ext(ff m , Z") 
© Hom(H m+ i,r r ) © Ext(iJ m , r r ). 

We know that H m+ \/ B m+ \ is 7r r+ iU- • -UT^-divisible. Using the above 
determined properties of the quotient group H m /B m and Lemma 5.0.6, we 
infer that the group H m+1 (E; r r ) is a split extension of a r r \ {-K r+ \ U • • • U 
7r„)-boundcd group, say I 2 _ {m+1) r , by a finite r r n (7r r+ i U • • • U 7r„)-group. 
Then also E^_, +1 s r is a split extension of I?_, m+1 \ r and we proceed as 
before to infer that -^ 2 _( m+1 ) r is finite. Therefore H m+1 (E; r r ) is a finite 
group, whence by Proposition 5.0.3 we may assume that B m+1 is such 
that the quotient H m+ i/ B m+ i is divisible by r r U 7r r+ i U • • • U 7r„, and 
that for t E r r U7r r+ i U • • • Un n the divisible localization (H m /B m )^ only 
admits finitely many torsion summands. 
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By Lemma 5.0.5 the divisibility properties of H m +\/ B m +\ imply a 
decomposition H m+ \ = Z dm+1 © H' m+l with Hom{H' m+1 , Z) trivial (and 
H m+1 /B m+1 = H' m+1 /B' m+1 for a suitable B' m+1 ). 

Next we take care of Ext(i/ m , Z p ). Set P = r r U n r+ i U • • • U 7r n and 
let R = P \ {P}. Since H m /B m is P-divisible, it is either an i?-torsion 
group or we may enlarge B m if necessary to assume that H m /B m admits 
a Z t =o-summand for some t E P. Thus if H m /B m is not finitely generated, 
Ext (if m , Z) either contains a subgroup isomorphic to Z t modulo a finitely 
generated group or it contains an uncountable i?-local subgroup Tr (see 
Lemma 5.0.4). 

On diagonal k — 3 there are only P-bounded groups strictly above row 
r. Hence if T R < E -( m +i).r> tncn b y Lemma 5.0.8 also T R < £" (m+1) _ r 
for u ^ 3. If i?£( m+1 ) r contains a quotient of Z t by a finitely generated 
subgroup, then by Lemma 5.0.7 each E\ m+1 -. r for u > 3 admits a sub- 
group isomorphic to a quotient of Z t by a finitely generated group. See 
the figure below. 



MY) 




I I I I I I I 

j i J i L_ x" J 

H m+2+n - r (E,_) H m (Z,_) 

Both cases lead to contradiction hence H m /B m is finitely generated, 
and hence so is H m . The exact sequence H m (L) — ► H m (X) — > H m (X, L) — 
H m implies that also H m {X) is finitely generated, hence the m-skeleton 
X( m ) is finite and we may restart with Step 1 in case still m < r — 2. 
Therefore with no loss of generality we may assume m = r — 2. 

We have shown that for q — p ^ r + 1 — m as well as for q — p G 
{r — m,r — m — 1} with q ^ r + 1 the groups H P (E; 7r 9 ) are finite. Fur- 
thermore the groups H m (E;Tr r ) and H m+1 (E: TT r ) are finitely generated. 
By considering exact sequences 

HP(E; 7r q ) S £P(X, L; rr 9 ) - HP(X; ir q ) - i/P(L; 7r g ) 

we note that exactly analogous properties hold for the groups H P (X; w q ). 
Hence we may apply Proposition 5.0.3 and Lemma 4.5.1 to deduce the 
asserted properties of groups Hi(X). □ 
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Step 4. Let Y —* Y denote Zabrodsky's integral approximation with homotopy 
fibre Y t . Then Y t x has the homotopy type of a CW complex, and (2) of Theo- 
rem 5.0.1 holds. 

PROOF. The map Y t — > Y is a principal fibration with fibre ClY hence the fibre 
of the associated fibration (Y t , — > (Y, over any point is either empty 

or homotopy equivalent to the space (STY, *)( x '*\ 

According to Zabrodsky [65], flY is homotopy equivalent to the product 

K(Z dr ,r-l) x ••• xK(Z d2 ,l) 

where di denotes the torsion- free rank of 7Ti(Y). Then Y t x has CW type by Propo- 
sition 4.5.2, together with Stashcff's theorem. 

For j > r + 1, the morphism nj(Y t ) — > nj(Y) is bijective, and 7r r (Y t ) — ► n r (Y) 
is a monomorphism onto the torsion subgroup r r of 7r r (Y). In general there exist 
short exact sequences 

coker(7r j+ iy w j+1 Y) 7TjY t -> TfcY) 0. 

Since the groups coker(7Tj +:L Y — > 7Tj +:L Y) are finite, the following implication holds 

(*) TTj Y *Z p ^0 7Tj Yt * Z p ^ 0. 

Note that Yj ~ JlpGP ^*(p) wnere P is a finite set of primes. This implies that 
for each p g P the space (Yt( p \, has CW type and (i) of Step 3 applies to 

establish (2) of Theorem 5.0.1 by virtue of (*), as claimed. 

In particular, for i ^ r + 1 the groups H l (X; m) are finite. □ 

Step 5. Let Y(r — 1) denote the (r — l)-connected cover ofY. Then Y(r — 1) X 
has CW homotopy type. 

PROOF. The map Y(r — 1} — > Y is the principal fibration obtained by taking 
the homotopy fibre of Y — > Y r -\. The fibres of the induced principal fibration 
(Y(r — 1) , — > (Y, are either empty or are homotopy equivalent to 

(ftY r _i,*)( x '*). Since 7T fe (nY r _i) = for fc > r - 1 and X has finite (r - 2)- 
skeleton, the assertion follows. □ 

Step 6. By the previous step we may assume that Y is (r — l)-connected. 
Assume that X is an H-cogroup or that Y is an H-group. Then also H r (X;ir r ) is 
finitely generated. 

Proof. Note that in case X is an H-cogroup we cannot afford to replace it by 
a (homologically more convenient) quotient X/L for suitable L. Hence we proceed 
with X as it is. 

We consider the Postnikov tower of principal fibrations Y n — ► Y n _\ — > • • • — > Y r 
for Y. We know that for i ^ r + 1 the groups H l (X; m) are finite, and the groups 
H t+1 (X;TTi) are always 7r r bounded. 

We know that H r /B r is 7r r+1 U • • • U 7r„-divisible, and therefore Hom(P r , Z) — > 
Hom(P r , Z) is an injection. This guarantees H r = Z dr © H' r with Hom(Pf^, Z) = 0. 

We also know that Pf r _ i/P r _i is r r U 7r r+ i U • • • U 7r„-divisible and that for 
t G 7r r+ i U • • • U 7r„ the localization (P r _i/P r _i)( t ) contains at most finitely many 
torsion summands. Set P = r r U 7r r +i U • • • U 7r n . If P r _i itself is not finitely 
generated, we may assume that either Pf r _ i/P r _i contains a Z t oo summand for 
some t E P or that Pf r _ i/P r _i is an infinitely generated P \ P-torsion group. It 
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follows that Ext(.ff r _i,Z) contains either a subgroup isomorphic to a quotient of 
Z t modulo a finitely generated subgroup or an uncountable P \ P-local group, the 
latter by Lemma 5.0.4. This leads to contradiction as follows. 

Our additional hypotheses guarantee that for each i ^ r the Puppe exact 
sequence 

H i+1 (X;n i+1 ) -> [X,Y i+1 l -> [X,Yf]^W+ 2 (X;n t+1 ) 

derived from the principal fibration Y i+ i — » 3^, is an exact sequence of groups 
and group-morphisms. Since 3^. = K(n r ,r), the group [X, 3^.]* is isomorphic to 
H r (X;Tr r ). If Ext(_ff,._i, Z) has a subgroup isomorphic to a quotient of Z t by a 
finitely generated subgroup we apply Lemma 5.0.7, and if Ext(.ff r _i, Z) has an 
uncountable P \ P-local subgroup T we apply Lemma 5.0.8 in a straightforward 
induction to show that [X, Y n ]* = [X, Y]» contains a subgroup which is an extension 
of a finite group by a quotient of Z t by a finitely generated group or an extension 
of a finite group by an uncountable P \ P-local subgroup. In particular, [X, Y]* 
is uncountable; which contradicts Proposition 2.3.1. This establishes (1*) for this 
case, and concludes the proof of Theorem 5.0.1. □ 

Example 11. Suppose that Y is the total space of a fibration K(Z p , n) — > Y — > 
K(Wi, r) where n > r. This is to say that Y is the homotopy fibre of a single k- 
invariant k: K(Z,r) — > K(Z p ,n + 1). Let X be a simply connected CW complex. 
IfY x has CW type, then Hi(X) is finitely generated for 1 ^ i ^ r — 1. 

By Theorem 5.0.1 we know already that for each i ^ n the group Hi(X) 
admits a finitely generated subgroup Bi such that Hi{X) / Bi is p-divisible and 
(Hi_i(X)/Bi_i)/ p \ only admits finitely many quasicyclic summands. Moreover for 
i ^ r — 2 already Hi(X) is finitely generated. 

By passing to cohomology, it follows that H t (X; Z p ) is finite for all i n, and 
that H l (X; Z) is finitely generated for i ^ r — 1. If L is a finite subcomplex of X 
then the quotient X/L has the same cohomological properties as X and by Proposi- 
tion 5.0.3 and Lemma 4-5.1 we may infer also the same homological properties as 
X. 

Assume a minimal decomposition of X with the associated homology decompo- 
sition {Xi}. We may pick a finite subcomplex L of X such that L contains X r -2, 
the image B' r _ 1 of H r _i(L) — > H r _\{X) contains the subgroup B r _\, and the fibre 
of the restriction fibration Y x — > Y L deforms to a point in the total space. Set 
5 = X/L. Note that &i(E) = for i ^ r - 2 and that ff r _i(S) = P r _i(X)/P I ',_ 1 
is p-divisible. Thus if H r _i{£) is not finitely generated, we may assume by Proposi- 
tion 5.0.3 that either it contains a quasicyclic summand Z p oo or that it is a P\ {p}- 
torsion group. Moreover, as in Step 1 it follows that the set [S, Y]* is countable. 

We replace XbyS. 

We are interested in the induced function 

(*) k # : [X, K{Z, r)], -» [X, K(Z p , n + 1)]. 

More precisely we would like to determine (the size of) the preimage o//c^ t 1 (0). 

The homotopy class of k is represented by an element k of H n+1 (if (Z,r);Z p ) . 
By results of Cartan and Borel the mod-p cohomology algebra H* (K(fL, r); Z p ) has 
a p-simple system of generators which are transgressive with respect to the Serre 
cohomology spectral sequence of the fibration 
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(**) K(Z,r) PK(Z,r + l) K(Z,r + 1). 

[/smj tfte associated vector-space basis for H*(K(Z,r);Z p ) we expand k as 
k = where \ G Z p and & G ii™ +1 (K(Z, r); Z p ) . For each i we may write 

(t) 6 = <*i - A 

where cti is transgressive (and Pi may be 1). 

Applying H*(_;Z p ) to f : X — > K(Z,r) we get the induced morphism 

/*: H*(K{Z,r);Z p ) ^ H*(X;Z p ). 

Thus we may represent the composite 

X ^K(Z,r) ^K(Z p ,n+l) 

with the cohomology class 

(J) A; 

Set di = dcgai ^ n + 1. Transgressive elements are in the image of the coho- 
mology suspension with respect to (**), hence for each i there exists an element 
n . £ H a * +1 (K(Z,r + l);Z p ) such that <7*(%) = a { where 

a* : [K(Z, r + 1), K(Z p , a t + 1)]* -» [fti^Z, r + 1), SlK(Z p , a, + 1)]* 

is induced by the adjoint of the natural map 

I : SQK(Z, r + 1) K(Z, r + 1). 

This implies that f*(cti) may be represented in [X, K (Z p , Oj)]* as i/ie composite 

X U if (Z, r) QK(Z, r + 1) Oif(Z p , a 4 + 1) ^ K(Z P , a,) 

for some map ipi - . K(Z,r + 1) — ► if(Z p ,aj + 1). JVom we view f*(ati) rather as 
£tipi# ([/])• Smce fi^i * s an H-group morphism, the induced function £lipi# is a 
group homomorphism. So we consider : [X, K(Z, r)]» — > [X, K(Z p , a*)]*. 

W^e distinguish two possibilities. The first is that H r -i(X) contains a quasi- 
cyclic summand Z p =o. TTien [X,K(Z,r)\* contains Ext(Z p =o,Z) = Z p as a direct 
summand. Since [X, K(Z p , a*)]* = H ai (X;Z p ) is p -bounded (even finite if ai ^n), 
the kernel Ai of 

OVi#lz p : — * {X, K(Z P , a^]* 

is a subgroup of finite index in Z p , by Lemma 5.0.7. The intersection A — fljAj 
of finitely many subgroups of finite index is also a subgroup of finite index in Z p . 
This is to say that flipi#[f] = /*(<**) = for [/] G A < Z p H r (X;Z). By (\) 
also k#[f) = for all [f] G A. Hence the function k# sends an uncountable set to 
G [X, K(Z p ,n+ 1)]». By exactness of the sequence (of pointed sets) 

[X, Y% -» [X, if (Z, r)]* -» [X, A-(Zp, n + 1)]* 

f/ie sef [X, y]» is uncountable. 

The other possibility is that H r -\{X) is a P \ {p}-torsion group which is not 
finitely generated. By Lemma 5.0.4 the groups Ext(i? r _i(X), Z) and hence H r (X; Z) 
contain an uncountable P\ {p}-local subgroup T. By Lemma 5.0.8 every morphism 
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from r into a bounded p-group is trivial, and, proceeding as above, it follows that 
Both cases contradict the assumption that H r _\{X) is not finitely generated. 



APPENDIX A 



Pullbacks and lifting functions 



Lemma A. 0.1. Let A be the pullback of B —> D <— C, and let X be any 

space. Then A x is the pullback of B x ^ D x ^ C x . If (3: (B, bo) -> 
(D,do) andj: (C, Co) — > (D,do) are maps, then (A, (bo, cq))( x - Xo ) is the pullback of 

(B,b ) {X ' Xo) ^ (£>,rf ) (x ' xo) 3- (C,c Y x ' Xa l 



Proof. The natural map F: (B x C) x — > B x x C x is a homeomorphism 
(see Maunder [35], Theorem 6.2.34), and it is trivial to check that F((B n C) x ) = 
B x nC x . ' □ 



Definition. Let p: E — > £> be a map and let eo : -B 7 — > B be evaluation at 
0. Let E denote the pullback of E — > B <-^- £? 7 . A lifting function for p is a map 
A : E — > _E 7 that makes the following diagram commute. 




It is well known that p has a lifting function if and only if it is a fibration. (See 
Fadell [16].) 

The author was unable to find a proof of the following result which should be 
folklore. (However, for the compactly generated refinement of the compact open 
topology the analogous result is well known, see Fritsch and Piccinini [19].) 



Proposition A.0.2. Let p: E — > B be a fibration and let X be a compactly 
generated space. Then p# : E x — > B x is a fibration. 

If p(e ) — bo where e and b are nondegenerate base points of their respective 
spaces, thenp#: (E,eoY X ' x °^ ~~ * (B,boY X ' x °^ is a fibration, for any choice of x - 
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PROOF. Let A: E n B 1 — > E 1 be a lifting function for p. Here E U B 1 is the 
pullback of £ ^> B JS. B 1 . The left-hand side dia gram below commutes. 



EnB 1 




(EnB 1 ) 



I\X 



I\X 



(E J ) 



I\X 



( £ o)# 



E 



X 



B 



We claim that there exists a lifting function A: E x n (.B*) 7 -> (E*) 7 for p # . 

Since X is compactly generated, so is the product X x I, and therefore (B X Y is 
homeomorphic to (B 1 )* and (E x ) 1 is homeomorphic to (E 7 ) x (see Dugundji [11], 
Theorem XII.5.3). By Lemma A.0.1 the pullback E x n (E 7 )* is homeomorphic to 
(E n B ! ) x , and the lifting function diagram for p# transcribes into the right-hand 
side diagram above. Thus we may set 

(t) A = A # , 

and the first assertion follows. 

If p(eo) = 60 and eo,bo are nondegenerate, then e = (eo, constb ) is nondegen- 
erate in EnB 1 , and consequently A may be so chosen that A(e) = const eo . The 



function A as defined in (f) is a lifting function for p # : (E, e )( x,;l:o ' 
as is readily verified. 



(B,b )( x ^\ 
□ 



Following the proof of Theorem 2.8.14 of Spanier [58] we extract 

Lemma A. 0.3. Let p: E — > B be a fibration and let /o, /1 : X — > B be nomotopic 
maps. Set E = f^E, and E\ = ]{E. The fibrations E — > X and E± — > X are 
fibre homotopy equivalent. 

Let E denote the pullback of E — > B <-^- B 1 where So denotes evaluation at 0. 
Let A: E — > E J 6e a lifting function for p. Let h: X ^ B 1 denote the adjoint of a 
homotopy between fo and f\. Then the map 

(*) E -^E 1 , (x,e) ^ (x, [eioA](e,ft(a;))) 

is a /i&re homotopy equivalence with the obvious inverse. □ 

Definition. Let p: E —> B be a, fibration, and let /: X — > B be a map. If / 
is homotopic to const{, then by Lemma A. 0.3 the pullback fibration f*E — > X is 
fibre homotopy equivalent to the trivial fibration XxF^I" where F is the fibre 
of p over 6 . 

We will call the fibre homotopy equivalence f*E — > X x F given by (★) the 
'canonical fibre homotopy equivalence', and the associated section X — > /*E the 
'canonical section'. Note that the equivalence (★) depends on the choice of homo- 
topy. 

The following is well known. It is contained implicitly for example in Fadell 
[16]. 

Lemma A. 0.4. Let p: E — > B be a fibration with p(eo) = bo, and let F denote 
the fibre of p over b . Let A be the homotopy fibre of the inclusion F <^-> E. More 
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precisely, A is the pullback of F <—> E < — PE where E\ is evaluation at 1. We 
may view A = (E, e , F)^' ' 1 ) C F/ and Q(B,bo) = {e } x b ) C F. In 
i/izs way composition with p yields a map A — ► Q(B,bo), while the lifting function 
A: E -> E 1 maps Q,(B,b ) to A. 

The maps A — ► Q(B,bo) and Q(B,bo) — ► A are homotopy inverses of each 
other. □ 

The following is a particular case of lifting functions for restriction fibrations. 

Lemma A. 0.5. Let W be a Hausdorff space and PW — {7 | 7 : I — > W, 7(0) = w } 
the path space. The pullback PW of PW ^ W W 1 may be identified with 
(W,tUo)< Jx0ulxJ> <° l0 », the space PW 1 may be identified with (W, w ) (/x/ < 0x/ \ and 
if p: I x I — >IxOL)lxIis any retraction such that p(0 x I) = {(0, 0)}, then 

fi-.PW^PW 1 , n{4>) = <j) o p 

is a lifting function for £\ : PW — > W. In particular, p may be chosen so that 
p(s,l) = (2s, 0) for s^^ and p(s,l) = (1,2s- 1) for s > ±. □ 

Lemmas A.0.3, A.0.4, A.0.5 readily yield 

PROPOSITION A. 0.6. Letp: E —* B be afibration and let E denote the pullback 
of E — > B <-^- £> 7 where Eq denotes evaluation at 0. Let A: F — > F 7 6e a lifting 
function for p. Let F be the fibre of p over &o € F. 

Assume that F contracts in E to e 6 £7, and Zet fc : F — > E 1 denote the adjoint 
of a contracting homotopy. Further let e\ : E 1 — > E denote evaluation at 1. 

XTien i/ie map 

fi(B,6o) -^fx fi(£,e ), 7~ (ei[A(eo,7)],A(e ,7)**;(ei[A(co,7)])) 
is a homotopy equivalence with inverse 
F x Q(F, e ) -> Q(B, b ), (x, u) ^ p o [to * fc _1 (a;)] = (p o w) * (p o fc _1 (x)). □ 
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Quasitopological groups 

If G is an uncountable abelian group then the geometric realization Y of the 
simplicial Eilcnberg-MacLane group K(G,n) (see Milnor [42]) is not a topological 
group in its CW topology with the cartesian product. More precisely, there exists 
a function fi: Y x Y — > Y which is the multiplication of an abelian group but is 
continuous only on compact subsets of Y x Y. 

In general this is still perfectly acceptable since the category of compactly 
generated spaces is usually suitable enough for homotopy theory. However, if we 
want to consider function spaces of maps into Y equipped with the compact open 
topology to have a good grip on the open sets, we encounter problems which stem 
from the fact that even for compact spaces K the function space Y K need not be 
compactly generated. 

Definition. Let Y be a (Hausdorff) topological space with distinguished ele- 
ment ?/o and a function \i: Y x Y — > Y such that (Y,fj,) is a monoid with unit yo, 
and for every compact subset C CY the restrictions 

(t) mIyxc: Y xC^Y, M | Cxy : CxY^Y, 

are continuous. Then we say that Y is a quasitopological monoid. 

If, in addition, there exists a continuous function inv: Y — > Y such that 
(y, yu, inv) is a group with unit yo then we say that Y is a quasitopological group. 

A morphism of quasitopological groups is a continuous homomorphism. 

Evidently if Y is compactly generated then fi is continuous on compact subsets 
of Y x Y if and only if the restrictions (f) are continuous for compact C. 

Therefore by [42] for every abelian group G there exists a CW complex Y of 
type K(G,n) which is an abelian quasitopological group. (And if G is countable, 
'quasi' may be omitted.) 

For another example, by Dold and Thorn [9] for every connected simplicial 
complex X, the infinite symmetric product SP(X) is an abelian quasitopological 
monoid. 

Clearly, 

Lemma B.0.1. If Y is an abelian quasitopological monoid or a quasitopolog- 
ical group then continuity of (]) for all compact C is equivalent to continuity of 
Mlvxc TxC^y for all compact C. □ 

Proposition B.0.2. Let (Y, inv, yo) be a quasitopological group and K a 
compactum. Given f,g G Y K , the function K — > Y defined by x i— > fJ>(f(x),g(x)), 
is continuous. Define 

M: Y K x Y K — » Y K , M(f, g)(x) = »(f(x), g(x)); I : Y K — » Y K , 7(/)=invo/. 
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Then (Y K , M, I, const^) is a quasitopological group. If A is any subset of K then 
(Y,y )( K ' A ) is a closed quasitopological subgroup. 

Proof. Let T be a compact subset of Y K . The evaluation map e : Y K x K — > 
Y, e(f, x) — f(x), is continuous, and hence L = e(T x K) = {/(x) / £ T, x £ K} 
is compact. Note that T c L K . Since h\yxl is continuous, so is the composite 

Y K xT^Y K xL K ^(Y x L) K Hyx ' )# > Y K . 
The other assertions are trivial. □ 

Quasitopological groups have enough structure to avoid base point problems; 
the proof carries over from the standard case mutatis mutandis. 

PROPOSITION B.0.3. (1) Let G be a quasitopological group with unit e 

and let Z be a space with zq £ Z . Let f : Z — > G be a map. Then f can 
be homotoped to a map that sends zq to any point in the path component 
off(z ). 

If f,g: Z — > G are freely homotopic, then they are homotopic with a 
homotopy preserving z . 
(2) // Gi and G2 are freely homotopy equivalent quasitopological groups then 
for any choice of base points g\ £ G\, gi £ G2, the pairs (G\,gi) and 
(^2,52) are homotopy equivalent. □ 

The proof of the following is straightforward. 

Lemma B.0.4. (1) The cartesian product of finitely many quasitopological 

groups is a quasitopological group. 
(2) IfB^A^P is a diagram of quasitopological groups and morphisms, 
then the pullback space E admits a natural quasitopological group structure 
so that the pullback square is a diagram of quasitopological groups and 
morphisms. □ 

Proposition B.0.2 and Lemma B.0.4 yield 

Corollary B.0.5. Let <p: B — > A be a morphism of quasitopological groups. 

Then the canonical factorization B ^ B' ^> A of ip into the composite of a 
homotopy equivalence followed by a fibration is a sequence of morphisms of qua- 
sitopological groups. □ 

Definition. Let G be a quasitopological group and E a space. Then E is a 
left G-space if there exists a left action $: G x E — > E such that the restrictions 
$|cx_e an d ®\gxd are continuous for all compact subsets G of G and D of E. 

Proposition B.0.6. Letp: E — > B be a surjective morphism of quasitopological 
groups and let G = kerp. Then G is a quasitopological group and E is a free left 
G-space with the following property. 

For any space Z and continuous maps f\ , fi : Z — > E such that p o fx = p o f 2 
there exists a function f : Z — > G which is continuous on the compact subsets of Z 
such that f(z) ■ fi(z) = f2{z), for all z £ Z. □ 

Definition. Let G be a quasitopological group. A free left action of G on 
E with the property as in Proposition B.0.6 is compactly open. (Compare the 
definition preceding Lemma 1.5.4 on page 18.) 
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Corollary B.0.7. Let {Gi} be a sequence of quasitopological groups. Let 
{pi} : {Ei} — ► {Bi} be a level preserving morphism of inverse sequences where for 
each i, the space Ei is a free left Gi-space and pt: Ei — > Bi is a compactly open 
fibration. Assume that the maps Ei — * are equivariant given by morphisms 

^i'. Gi — > Gi-i . 

Let poo : Eoc — > B^ denote the induced inverse limit map. If the uii are fibra- 
tions then p^ is a fibration for the class of compactly generated spaces. □ 



Bibliography 



[1] Guy Allaud, De-looping homotopy equivalences. Arch. Math. (Basel) 23 (1972), 167-169. 
[2] Kenneth S. Brown, Homological criteria for finiteness. Comment. Math. Helv. 50 (1975), 
129-135. 

[3] Ronald Brown, Philip R. Heath, Coglueing homotopy equivalences. Math. Z. 113 (1970) 
313-325. 

[4] Robert Cauty, Sur les espaces d' applications dans les CW- complexes. Arch. Math. (Basel) 

27 (1976), no. 3, 306-311. 
[5] Frederick R. Cohen, John C. Moore, Joseph A. Neisendorfer, The double suspension and 

exponents of the homotopy groups of spheres. Ann. of Math. (2) 110 (1979), no. 3, 549-565. 
[6] Joel M. Cohen, The homotopy groups of inverse limits. Proc. London Math. Soc. (3) 27 

(1973), 159-177. 

[7] Joel M. Cohen, Inverse limits of principal fibrations. Proc. London Math. Soc. (3) 27 (1973), 
178-192. 

[8] Albrccht Dold, Partitions of unity in the theory of fibrations. Ann. of Math. (2) 78 (1963), 
223-255. 

[9] Abrecht Dold, Rene Thorn, Quasifaserungen und unendliche symmetrische Produkte. Ann. 

of Math. (2) 67 (1958), 239-281. 
[10] Emmanuel Dror Farjoun, Cellular spaces, null spaces and homotopy localization. Lecture 

Notes in Mathematics, 1622. Springer- Verlag, Berlin, 1996. 
[11] James Dugundji, Topology. Allyn & Bacon, Inc., Boston, Mass. 1966. 

[12] Jerzy Dydak, Ross Geoghegan, The singular cohomology of the inverse limit of a Postnikov 
tower is representable. Proc. Amcr. Math. Soc. 98 (1986), 649-654. 

[13] Jerzy Dydak, Ross Geoghegan, Correction to: "The singular cohomology of the inverse limit 
of a Postnikov tower is representable" [Proc. Amer. Math. Soc. 98 (1986), no. 4], Proc. 
Amer. Math. Soc. 103 (1988), no. 1, 334. 

[14] David A. Edwards, Harold M. Hastings, Cech and Steenrod homotopy theories with ap- 
plications to geometric topology. Lecture Notes in Mathematics, Vol. 542. Springer- Verlag, 
Berlin-New York, 1976. 

[15] Edward Fadell, The equivalence of fiber spaces and bundles. Bull. Amer. Math. Soc. 66 
(1960), 50-53. 

[16] Edward Fadell, On fiber spaces. Trans. Amer. Math. Soc. 90 (1959), 1-14. 
[17] Herbert Federer, A study of function spaces by spectral sequences. Trans. Amer. Math. Soc. 
82 (1956), 340-361. 

[18] Yves Felix, Stephen Halperin, Jean-Claude Thomas, Rational homotopy theory. Graduate 

Texts in Mathematics, 205. Springer- Verlag, New York, 2001. 
[19] Rudolf Fritsch, Rcnzo A. Piccinini, Cellular structures in topology. Cambridge University 

Press, 1990. 

[20] Laszlo Fuchs, Infinite abelian groups Vol. I. Pure and Applied Mathematics. Vol. 36-1. 

Academic Press, New York-London, 1970. 
[21] Laszlo Fuchs, Infinite abelian groups Vol. II. Pure and Applied Mathematics. Vol. 36-11. 

Academic Press, New York-London, 1973. 
[22] Ross Geoghegan, The inverse limit of homotopy equivalences between towers of fibrations 

is a homotopy equivalence-a simple proof. Topology Proc. 4 (1979), 99-101. 
[23] Samuel Gitler, Cohomology operations with local coefficients. Amcr. J. Math. 85 (1963), 

156-188. 

[24] Brayton Gray, Charles A. McGibbon, Universal phantom maps. Topology 32 (1993), no. 2, 
371-394. 



90 



BIBLIOGRAPHY 



91 



[25] Victor Halperin, Equivariant localization of diagrams. Thesis. Hebrew University of 
Jerusalem, 1998. 

[26] Allen Hatcher, Algebraic topology. Cambridge University Press, Cambridge, 2002. 

[27] Peter Hilton, Guido Mislin, Jocscph Roitbcrg, Localization of nilpotent groups and spaces. 
North-Holland Mathematics Studies, No. 15. Notas de Matematica, No. 55. [Notes on Math- 
ematics, No. 55] North-Holland Publishing Co., Amsterdam-Oxford; American Elsevier Pub- 
lishing Co., Inc., New York, 1975. 

[28] loan M. James, Reduced product spaces. Ann. of Math. (2) 62 (1955), 170-197. 

[29] Peter J. Kahn, Some function spaces of CW type. Proc. Amer. Math. Soc. 90 (1984), no. 
4, 599-607. 

[30] Casimir Kuratowski, Sur les espaces localement connexes et peaniens en dimension n. Fund. 
Math. 24 (1935), 269-287. 

[31] Kathryn Lesh, Extensions of maps from suspensions of finite projective spaces. Math. Z. 
205 (1990), no. 3, 437-450. 

[32] Gaunce Lewis, Jr., When is the natural map X — > WEX a cofibration? Trans. Amer. Math. 
Soc. 273 (1982), no. 1, 147-155. 

[33] Peter Loth, Classifications of abelian groups and Pontrjagin duality. Algebra, Logic and 
Applications, 10. Gordon and Breach Science Publishers, Amsterdam, 1998. 

[34] Sibc Mardcsic, Jack Segal, Shape theory. The inverse system approach. North-Holland Math- 
ematical Library, 26. North-Holland Publishing Co., Amsterdam-New York, 1982. 

[35] Charles R. F. Maunder, Algebraic topology. Dover Publications, Inc., Mineola, New York, 
1996. 

[36] Charles A. McGibbon, Phantom maps. Handbook of algebraic topology, 1209-1257, North- 
Holland, Amsterdam, 1995. 

[37] Charles A. McGibbon, Joseph A. Neisendorfcr, On the homotopy groups of a finite- 
dimensional space. Comment. Math. Helv. 59 (1984), no. 2, 253-257. 

[38] Charles A. McGibbon, Clarence W. Wilkerson, Loop spaces of finite complexes at large 
primes. Proc. Amer. Math. Soc. 96 (1986), no. 4, 698-702. 

[39] Willi Meier, Pullback theorems and phantom maps. Quart. J. Math. Oxford Ser. (2) 29 
(1978), no. 116, 469-481. 

[40] Hayncs Miller, The Sullivan conjecture on maps from classifying spaces. Ann. of Math. (2) 
120 (1984), no. 1, 39-87. 

[41] John Milnor, Construction of universal bundles. I. Ann. of Math. (2) 63 (1956), 272-284. 

[42] John Milnor, The geometric realization of a semi-simplicial complex. Ann. of Math. (2) 65 
(1957), 357-362. 

[43] John Milnor, On spaces having the homotopy type of a CW-complex. Trans. Amer. Math. 
Soc. 90 (1959), 272-280. 

[44] Guido Mislin, Finitely dominated nilpotent spaces. Ann. of Math. (2) 103 (1976), 547-556. 

[45] Guido Mislin, Wall's finiteness obstruction. Handbook of algebraic topology, 1259-1291, 
North-Holland, Amsterdam, 1995. 

[46] Joseph A. Neisendorfcr, Localization and connected covers of finite complexes. The Cech 
centennial (Boston, MA, 1993), 385-390, Contemp. Math., 181, Amer. Math. Soc, Provi- 
dence, RI, 1995. 

[47] Joseph A. Neisendorfer, A survey of Anick- Gray- Theriault constructions and applications to 
the exponent theory of spheres and Moore spaces. Une degustation topologique: homotopy 
theory in the Swiss Alps (Arolla, 1999), 159-174, Contemp. Math., 265, Amer. Math. Soc, 
Providence, RI, 2000. 

[48] Joseph A. Neisendorfcr, Paul S. Selick, Some examples of spaces with or without exponents. 
Current trends in algebraic topology, Part 1 (London, Ont., 1981), pp. 343-357, CMS Conf. 
Proc, 2, Amer. Math. Soc, Providence, R.I., 1982. 

[49] Dieter Puppe, Some well known weak homotopy equivalences are genuine homotopy equiv- 
alences. Symposia Mathematica, Vol. V (INDAM, Rome, 1969/70), pp. 363-374. Academic 
Press, London, 1971. 

[50] Joseph Roitberg, Computing homotopy classes of phantom maps. The Hilton Symposium 
1993 (Montreal, PQ), 141-168, CRM Proc. Lecture Notes, 6, Amer. Math. Soc, Providence, 
RI, 1994. 



92 BIBLIOGRAPHY 

[51] John W. Rutter, On skeleton preserving homotopy self- equivalences of CW complexes. 

Groups of self-equivalences and related topics (Montreal, PQ, 1988), 147-156, Lecture Notes 

in Math., 1425, Springer, Berlin, 1990. 
[52] Jean-Pierre Serre, Cohomologie modulo 2 des complexes d'Eilenberg-MacLane. Comment. 

Math. Hclv. 27 (1953), 198-232. 
[53] Rolf Schon, Fibrations over a CWh-base. Proc. Amcr. Math. Soc. 62 (1976), no. 1, 165-166 

(1977). 

[54] Paul Selick, Moore conjectures. Algebraic topology — rational homotopy (Louvain-la-Neuve, 
1986), 219-227, Lecture Notes in Math., 1318, Springer, Berlin, 1988. 

[55] Evgcnij G. Skljarenko, Certain remarks on limit spaces of Postnikov systems. Mat. Sb. 
(N.S.) 69 (111) (1966), 61-64. 

[56] Jaka Smrckar, Compact open topology and CW homotopy type. Topology and its applications 
130 (2003), 291-304. 

[57] Edwin H. Spanicr, Infinite symmetric products, function spaces, and duality. Ann. of 

Math. (2) 69 (1959), 142-198. 
[58] Edwin H. Spanicr, Algebraic topology. Corrected reprint of the 1966 original. Springcr- 

Verlag, New York, 19??. 
[59] James StashefT, A classification theorem for fibre spaces. Topology 2 (1963), 239-246. 
[60] Norman E. Steenrod, A convenient category of topological spaces. Michigan Math. J. 14 

(1967), 133-152. 

[61] Rene Thorn, L'homologie des espaces fonctionnels. Colloque de topologie algebrique, Lou- 
vain, 1956, 29-39. Georges Thone, Liege; Masson & Cie, Paris, 1957. 

[62] Kalathoor Varadarajan, The finiteness obstruction of C. T. C. Wall. Canadian Mathemat- 
ical Society Series of Monographs and Advanced Texts. A Wiley-Intcrscicncc Publication. 
John Wiley & Sons, Inc., New York, 1989. 

[63] Charles T. C. Wall, Finiteness conditions for CW -complexes. Ann. of Math. (2) 81 (1965), 
56-69. 

[64] John H. C. Whitehead, A certain exact sequence. Ann. of Math. (2) 52 (1950), 51-110. 
[65] Alexander Zabrodsky, On phantom maps and a theorem of H. Miller. Israel J. Math. 58 
(1987), no. 2, 129-143. 

[66] Alexander Zabrodsky, Maps between classifying spaces. Algebraic topology and algebraic K- 
theory (Princeton, N.J., 1983), 228-246, Ann. of Math. Stud., 113, Princeton Univ. Press, 
Princeton, NJ, 1987. 

[67] Arthur H. Copcland, Jr., Binary operations on sets of mapping classes. Michigan Math. J. 6 
(1959), 7-23. 

[68] Brian A. Davey, Hilary A. Priestley, Introduction to lattices and order. Cambridge Mathe- 
matical Textbooks. Cambridge University Press, Cambridge, 1990. 
[69] Arnc Str0m, Note on cofibrations II. Math. Scand. 22 (1968), 130-142. 



